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 Current v data (solar, atmospheric, reactor, long-baseline) indicate :

< One small angle (8,), two large angles (6,,,0,;)

< Two distinct mass-squared differences (6m?,; << |&m?;,])

* Ina 3-vscenario, a global fit to PMNS matrix gives Gonzalez-Garcia et al.
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* Currently unknown
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Normal ordering (NO)

<> Sign of Am? (NO or 10)
<> CP phases (Dirac phase 6 and Majorana phases ¢,, )

—3 oV?

s = (8.5103)°

= (—2.449700%%) x 107? eV?
= (49.55,3)°
Inverted ordering (10)

<~ Absolute masses (parametrized as the lightest mass, m, for NO and m, for 10)



Tri-bimaximal (TBM) mixing gives 6,; = 45°, 8,, = 35°, but 6,, =0

Use perturbations to bring models in agreement with data
<>Renormalization group corrections
<>Radiative corrections

<>Vacuum misalignment corrections

QUESTIONS

What models can give experimentally acceptable results after
perturbations?

How are the CP violating phases affected by perturbations?



Perturbation formalism (charged lepton basis)
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Original  Perturbation Diagonalizes
mass M,
matrix

T 0 unperturbed
MO T 0 mg 0 masses

- New masses

M, =U*MU!

™S New mixing



Real Perturbations (Real Mass Matrix)
* Assume g;, dm°,; << |6m?;, |; then to leading order
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* Corrections to 0,5 and 6,5 are small, but 66,, can be large
* Initial 8., need not be close to experimental value!
* Example: p-tsymmetry ( |U,;| = |Uy|, fori=1,2,3
a) 6,3=45°6,;,=0
<> TBM (912 ~ 35.3°)  Harrison, Perkins, Scott

. . Barger, Pakvasa, Weiler, KW; Vissani;
— 0 ’ ’ ’ ’ ’
< Bimaximal (612 =45 ) Baltz, Goldhaber, Goldhaber

e Hexagonal (612 = 300) Albright, Dueck, Rodejohann

<> Golden ratio (A, 6, = 31.7°) Kajiyama, Raidal, Strumia;
b) 923 _ 450’ 912 -0 Everett, Stuart
c) 6,,=45°06,,=90°
d) 6,3=45°6=190°

< Tetramaximal (6, = 30.3°,8,;, = 8.3°)  Xing

 Bimaximal, Hexagonal, or even models on the “dark side”
(8,, >45°) are now possible!



Class a (89,5 =0)

€29 — €33 €12 + €13
5(92 ~ 5(91 ~ \/5 <€ small
3 ) 3

203, 20mg,
(5(912 ~ 1 arctan 2\/263 o 26)(1)2 — 5 S (9?2
2 24/2¢5 sin 209, + €5 cos 0V + 20mY,

€3 = €19 — €13, €5 = €92 1+ €33 — 2€93 — 2€11

* Ratio for 68, involves only small quantities, can be O(1)



* Perturbations can be relatively small for any 6°,,

S M. — M2
e Smallest crus = \/ZZ"71 ‘ g o] in meV (m% = 60 meV):
07, (°) €11 €12 €13 €22 €23 €33 €ERMS
60 -3.05 -3.50 -5.99 -2.72 -1.52 5.77 4.10
15 (BM) 132 | 474 | 474 | 358 | -0.66 | 490 | 3.79
35.3 (TBM) 0.32 -4.66 -4.82 -4.40 0.16 4.08 3.74
30 (EIM) 107 | 431 | -5.18 | 478 | 054 | 371 | 3.79
0 0.00 -1.38 -8.11 -4.24 0.00 4.24 4.36

* Possibilities with all g; having same order of magnitude:

60 541 | -4.17 | -452 | -5.00 | -9.94 | 336 | 6.14
45 (BM) 6.76 | -4.43 | 426 | -5.67 | 927 | 2.60 | 6.08
35.3 (IBM) | 7.66 | 4.32 | 437 | 6.12 | 882 | 224 | 6.08
30 (HM) 811 | -4.17 | 452 | -6.35 | 859 | 2.0I | 6.09
0 046 | 252 | 6.17 | -7.02 | -7.92 | 1.34 | 6.28




Class b (6°, = 0)

6°,; must be relatively close to experimental value

3 o 12
* Smallest €rus = \/22,31 ‘Mg Mo in meV (m% = 60 meV):
993(0) €11 €12 €13 €22 €23 €33 €RMS
0 0.00 -1.38 -8.11 -4.24 0.00 4.24 4.36
5 0.48 1.44 -5.28 -4.48 -0.24 4.00 3.27
10 -0.44 4.21 -2.92 -4.02 0.22 4.46 3.00
15 -2.64 6.59 -0.14 -2.92 1.32 5.56 3.90
20 -5.85 8.30 1.57 -1.32 2.93 7.17 5.24

* Possibilities with all g; having same order of magnitude:

0 9.46 -2.92 -6.17 -7.02 -7.92 1.34 6.28
D 9.01 1.13 -2.92 -6.80 -7.69 1.56 5.41
10 7.66 4.67 1.02 -6.12 -7.02 2.24 5.22
15 5.47 8.00 4.35 -5.03 -0.93 3.33 5.80
20 2.50 11.00 7.3 -3.94 -4.44 4.82 6.92




Complex perturbations (charged lepton basis)
M=UIU +E=U [ﬁw E} Ul = U MU
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 Block diagonalize N = My + E (set 1-3 and 2-3 elements to 0)

using:
(1 0 4
U5 — O 1 523
\ 01, o3 1
’d‘e_wl?’ 01,0
~ Me+m
513 ~ ‘mg _ m06_2i¢13’ tan ¢13 = m§—m§ [arg( >—|_ ¢3/2]
‘f‘e—iﬁb% m3+mY 0+o9
i ’mg — mYe 22| tan gz = §jm§ tan |arg(f) + %]

6,3, 6,5 are small



* Diagonalize 1-2 submatrix of N using:

( ce  see” O\
Ui2(§,0) = | —s¢e® e 0
\ 0 0 1

la + m3|sin(¢, — ¢y) — |ce’®> + mY| sin(¢. — ¢y)
la + mY| cos(p, — @p) + ]cewg + m3| cos(p. — @)

¢ = arctan

2|b
£ = —arctan 9]

2 ce + mY| cos(@e + ¢ — ¢p) — |a +m| cos(dg — ¢ — Bp)

Qg = arg(NH) , Op = arg(Nm) , Qe = afg(NQQ)



e Putting it together we have: Block
diagonalizes N Makes m, > 0, real

= ({oUgUle(ga )P’

Unperturbed U Diagonalizes 2X2

W) = — arg [(a + mf)cg + (ce'? + my)sze’'? — 265505675@5} :

~
|

e/ () 0 | | .

0 et 0 | we=—arg[(atmd)sie 4 (e 4 m)ed + seeee™]
0 0  ein/2 0 0

Wz = — arg <m3 + gez%) :

* LO corrections to 6,5,6,; come from Us (small)
* LO corrections to 6,, and 6 come from U12 (can be large)
* LO corrections to ¢, and ¢, come from Ui and P (can be large)



e Result (to LO):

0_ 40
50+ — |d|c}y cos(0° — 5 — ¢3) n | f| 515 cos(6” + M — (o23)
13 — |,’/n,3 m 6—22¢13‘ |m3 m €—2l¢23‘
0
59 L ‘d’S(i)Z COS(ﬁ + ¢13> 4+ ‘f‘ccl)Q COS(¢2 ¢3 ¢23)
23 — T
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0
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* LO corrections to 6,3,0,; are small (~ g,/6m°;,)
* LO corrections to 6,5 can be large (-§ < 68,, <)



* LO corrections to phases (can be large):

AS=a—3,

Aps = =2(a+ B) +ws —wr,

Aps = =20 + ws — wy .

e where
tan 6, tan £ sin(@9 /2 + @)

1 — tan 09, tan £ cos(¢9/2 + @)’

a = — arctan

tan £ sin(¢9/2 + ¢)
tan 0y, + tan € cos(¢Y/2 + @)

£ = arctan



Example: Perturbations to u-t symmetry

Complex perturbations on Class a can give Class d

(shown for particular case by Babu, Ma, Valle)

Can show more generally

General forms of mass matrix in Classes a and d: Grimus, Lavoura

(x Y —y\ /U r _T*\

M,=1 vy - My = r s =0

\-y —v 2 \-r v s

( €11 — tIm(x) €12 —€19 + 2@'Im(y))
E = )

Then

€12 €29 €93 + ZIm(w
—€lo + 2ilm(y) €93 +iIm(w) €5y — 2¢Im(2)

turns type M, into type M



For general M, the required perturbations are large, but are
small for real M,:

€11 €12 —612 L *
E = €12 €29 €23

*k *k
—€19 €23 €99



Another example with p-t symmetry
* Class d with 89,, =45°, 89, = 45°, §°=90°

(bimaximal mixing is a special case when 6°; = 0)

* Any 6 can occur after small perturbation

Inverted (m; = 0)

Normal (m, = 0)

350 -

300 4meV

250 —

200

0 (deg)

150 -

100 -

b vy

6meV.

0

Bimaximal 1‘

5 10

605 (deg)

605 (deg)

Contours
of €ruis



Perturbations in the charged lepton sector

 General PMNS matrixis Upyng = UZTUV , Where

VAT v
M, = V,M,U, M, =UM,U!
RH charged LH charged Neutrino

lepton mixing  lepton mixing mixing

e Can find U] by diagonalizing (MZ)TMZ :

—
(MM, = UM, (U)T



e Let perturbed charged lepton mass matrixbe M; = M} + Ej,
where

(Er)ij = €

. |e§j| < m,

» If the unperturbed mixing is U° with (M)'M, = UY(MOX(UD)T,
then to LO

(M) M; ~ UZO(W)Z(UZO)T + (M) E; + ETMY

- o [+ ] @)

where

N' = (U)' [(MP)' B+ ETMP) U



+ Let U} diagonalize (W)Q + N

(m?)? + Ny, N1, N{g m? 0
—
MY+ N'= (L) O N, Ny [ =Uf o om
(Ni3)* (NL)*  (mQ)%+ N, 0 0
* Then
077l 0 l
Upnns = (U U3)'U; 7(U5)TU0 .
Charged Unperturbed
lepton PMNS mixing

correction



e Similar to neutrinos, charged leptons have near-degeneracy
between m,and m, ; to LO:

1 0 0 1 0 dlie i cos 0%, sin 0,12 ()
Us=10 1 §h e 1903 0 1 0 —sin@l,ez  cosfl, 0
0 —0byed2s 1 —dlyeis 1 0 0 1
where | Nl | | Nl ‘
5l 11V13 5Ly 11Y23 s — aro NL.
13 m72_ ) 23 m72_ y ¢Z] g 1)
1 2| N1, |
0. ~ = arctan 12
12 2 [ [
my, Ngo — Niy

e Similar to neutrinos, 553 and 553 are small, but 9%2 can be large;

hence correction to U,,,,s can be large



Example with large charged lepton correction

* Assume
e o) .
/ costh, sinby, 0 i.e., small corrections are

Us= | —sinfl, costl, 0 vanishingly small
\ 0 0 1)

then final PMINS mixing angles satisfy

0 0
C13C23 = C3C93 ,

3%3 = (5(1)3)2((3[12)2 T (583>2(C?3)2(3l12)2 - 25?36(1)33(2)35326%12 cos 6" ;

0335%2 = [(Cl126933(1)2 - 3%20920(2)3)2 + (5l12)2(3(1)2)2(3(1)3)2(5(2)3>2

I 0 0 0/1 0 0 I 0 0 0
-+ 2312312513323(012(313512 — 512012023) cos 0 } 3



e E.g.:if (9?[2 = Cabibbo angle and the initial PMNS mixing is
bimaximal, then the final PMNS agrees with data to 2o

* Another example; possible initial angles that are consistent
with best-fit data after perturbation:

40 -

30

983 (deg)

20 -

9(1)3 (deg)

e All three initial PMNS angles can be different from their
experimental values with charged lepton corrections!



Neutrino oscillations with nonstandard interactions

 Standard Model Hamiltonian:

(m% 0 0 ) /ﬂGFNe 0 0\

1
H= 2 *
\ 0 0 m3 ) \ 0 0 0)
Vacuum oscillations Matter effect
from V-A

interactions

e Nonstandard vector interaction

_Gry
V2

adds a term \/iGFNfEXﬁ to H

Ly 77" (1 =" )s] [ fr,(1 £4°) f] + hec.



* Nonstandard scalar interactions Lg = )\Sﬁﬂauﬁgb + )\fff¢
in mean-field approximation give effective contribution to M, :

A0P
€af ~ m2 )\fo
¢

 Then the effective Hamiltonian for neutrino propagation is

(1 0 O\ /e‘efe GXM 34
1
Hepy :2—EVM;rffMeff +V2GrN, [0 0 0] + V2GEN; €y € 6

A KO 0 O) VE o (Vro VU

eT Ut TT

(ml 0 0\ (611 €12 613\

Meff:U* 0 mg O UT"‘ €12 €22 €23

\O 0 m3) \613 €23 633/




* E.g., oscillation probability due with V-A + matter effects:
Lindner, Ota, Sato;

Am?2, L : . . :
P,~1- ng% sin2 M3 Kikuchi, Minakata, Uchinami
4F
. AmZ L 22GrN.E ., Am2, L
_ ]GXT\ COS ¢L/732><23 [3§X23(\/§GFNBL) sin 2;)71 +4C%><23 \/_Aﬂ; gin? 4—21
31

] — 1€ DR V2GEN,L . Amg L 22\/§GFN6E . AmZ, L
pul T T2 23R 2 2F Am2, AE
* Let O, 0,5 + 68,3 using g; from perturbation of the
scalar interactions (plus correction to masses)
o, Am2, L
P~ 1— 85,0 |:Sln2 421 ]
Am2,L oms — myomq) L AmZ L
—26053 sin 46,3 sin” Zgl _ (madms 2Em1 m) 5393 Sil Z/Lg
. Am2, L 2v2GpN.E . , Am2, L
- ‘EZT’COS¢,L‘L/T82X23 ngzg(ﬂGFNeL) Sl 2;1 +4C§><23 Am2, s1n24—§

V2GgN,L . Am3 L 2v2GpN.E . Am2, L
2 2F Am2, 4F

+ (lepl — lezz1)s3xasC2x2s




Summary

Due to near degeneracy of m, and m,, large corrections to 6,
are possible with small perturbations on M,

Underlying (unperturbed) theory need not have 6, close to
the experimental value

Bimaximal mixing or models on the dark side are possible
Complex perturbations can give any value for CP phases

Small perturbations to charged lepton mass matrix can give
large corrections to all three PMNS angles.



