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• If we can predict the mass function of PBHs precisely,                               
we can falsify models of the early universe which predict                  
too many PBHs and hence are inconsistent with observations. 

 

• Let us consider an overdense region during the RD universe.                                                                                                                                                                       
If the density perturbation 𝛿hc ≳ 1/3 at the horizon 
crossing time, this region collapses to form                                                               
a primordial black hole (PBH) (Carr, 1975) 

 

 

 

(cf. Harada, Yoo, Kohri 2013) 

Introduction 

Precise knowledge of  
PBH formation condition is necessary. 



• The condition 𝛿hc ≳ 1/3 was obtained by approximating 
perturbation profiles by top-hat profiles, which amounts to 
assuming that the averaged density perturbation only 
determines PBH formation. 

 

• This is strictly speaking incorrect and 

    effects of profiles change the threshold value  

    (that is, at least two quantities are necessary to describe  

     PBH formation condition). 

      

Perturbation profiles matter in PBH formation condition 

Polnarev, Musco, 2007 Shibata, Sasaki, 1999 
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We unify and extend these works. 



Curvature is  
large near the center 

Flat FLRW univ. at 𝑟 = ∞ 

r 

Description of perturbation at the initial time 

    𝑑𝑠2= −𝑑𝑡2+
𝑆2𝑑𝑟2

1−𝐾𝑖(𝑟)𝑟
2 + (𝑆𝑟)2(𝑑𝜗2 + sin2𝜗𝑑𝜑2) 

 

The solution when 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛 𝑠𝑐𝑎𝑙𝑒 ≫ ℎ𝑢𝑏𝑏𝑙𝑒 𝑟𝑎𝑑𝑖𝑢𝑠  

This provides the initial condition.  

Polnarev, Musco, 2007 The initial curvature profile 

𝐾𝑖(𝑟) 



The initial curvature profile 𝐾𝑖 𝑟  and PBH formation 

The width of 𝐾𝑖(𝑟) 
～𝐾𝑖(𝑟)𝑟

2  
            ～perturbation amplitude 

           

Large perturbation 
 →PBH formation Small perturbation 

  →no PBH formation 

r 

    𝑑𝑠2= −𝑑𝑡2+
𝑆2𝑑𝑟2

1−𝐾𝑖(𝑟)𝑟
2 + (𝑆𝑟)2(𝑑𝜗2 + sin2𝜗𝑑𝜑2) 
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The equations solved numerically 

 

May, White(1967)  Niemeyer, Jedamzik(1999) 



A case where a PBH is not formed 

 Pressure wins and  
the perturbation eventually decays. 
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Distance from the center 

energy density 



A case where a PBH is formed 
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It is necessary to investigate various profiles 

function１： 

function２： 

function３： 

Polnarev, Musco, 2007 

Shibata, Sasaki, 1999 

• The variation of profiles represented by                            
one of the above functions is limited. 

 

• It is necessary to investigate various profiles                     
since various profiles of perturbations                              
should have been generated in the early universe. 



Representation of various profiles 

By changing five parameters,  
various profiles can be represented,          

 including those investigated in previous works. 

r 

𝐾𝑖 𝑟  

What is the PBH formation condition                                      
for these various profiles? 

 



Two quantities characterizing perturbation profiles  
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Two quantities characterizing perturbation profiles  
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Two quantities characterizing perturbation profiles  

perturbation 
amplitude 

large 

small 

pressure gradient large small 



How to describe the PBH formation condition on Δ-I plane? 

¥begin{align*} 
(A_1,B_1,¥sigma_{1,1},¥sigma_{2,1},n_1) 
¥end{align*} 

¥begin{align*} 
(A_2,B_2,¥sigma_{1,2},¥sigma_{2,2},n_2) 
¥end{align*} 

BH is formed 

BH is not formed 
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PBH formation condition for various profiles 

𝐼 

∆ 

unphysical (𝐾𝑖 𝑟 ≮ 1/𝑟2) 

BH formation 

no BH formation 

pressure gradient large small 

perturbation 
amplitude 

large 

small 



Other quantities fail to seperate two regions clearly 
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black points： 
BH formation 

red points: 
no BH formation 

Two regions overlap. 

averaged density perturbation 
at the moment of  
the horizon reenty 



𝐼 and ∆ can separate two regions clearly 

𝐼 

∆ 

unphysical(𝐾𝑖 𝑟 ≮ 1/𝑟2) 

BH formation 

no BH formation 



𝐼 

∆ 

unphysical(𝐾𝑖 𝑟 ≮ 1/𝑟2) 

BH formation 

no BH formation 
summary 

Two quantities characterizing initial perturbation profiles can provide  

a simple description of  PBH formation condition for various profiles.  

This  result will be useful to calculate the PBH mass function precisely. 

Nakama, Harada, Polnarev, Yokoyama,  1310.3007 

𝐼 and ∆ can separate two regions clearly 



Thank you 

 



Hubble radius 

radiation-domination 

time 

inflation 

A PBH is formed  
after the horizon reentry  

if 𝛿 is sufficiently large. 

analytical  
calculatation 

numerical  
calculation 

curvature perturbation is 
time independent 

physical 
scale 

Polnarev, Nakama, Yokoyama,  
JCAP 2012 

Two steps to analyze PBH formation process 

physical scale 
of perturbaion 

initial condition 
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Observational constraints on abundance of PBHs 

PBHs have been evaporated  
due to Hawking radiation 

PBHs  have not  
completely evaporate 

(Carr, Kohri, Sendouda, Yokoyama, 2010) 

PBH abundance at the  
moment of formations 



                                                              

 

 
In the limit 𝜖 → 0, curvature perturbation is time independent and the 
solution of Einstein eqs. can be described by an arbitrary function 𝐾𝑖 𝑟 : 

                𝑑𝑠2= −𝑑𝑡2+
𝑆2𝑑𝑟2

1−𝐾𝑖(𝑟)𝑟
2 + (𝑆𝑟)2(𝑑𝜗2 + sin2𝜗𝑑𝜑2) 

 

 

In the limit 𝜖 → 0, 𝛿 𝑡 = 0, 𝑟 = 0 

initial curvature profile (𝐾𝑖 𝑟 <
1

𝑟2
, 𝐾𝑖(∞)=0) 

The solution at the super horizon limit 

Polnarev, Musco, 2007 
Lifshits, Khalatnikov, 1964 
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radiation-domination

Hubble radius

comoving radius of perturbed region 



 

 

 

2𝑀

𝑅
  > 1 marks formation of horizon 

 From some moment, 
(2𝑀/𝑅)peak> 1 

 →Horizon is formed 
 

cf.Schwarzschild spacetime 

2
𝑀
/𝑟

 

𝑟 = 2𝑀: horizon 

1 Distance from the center 

peak 



 




