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Outline of Dalitz Decays Talk
• How many D → PPP Dalitz plots are there?
• Early History by example: D+ → -++ decays

– Mark III
– E791
– FOCUS

• More recent results
– Ds

± → K+K-± from BaBar, CLEO-c
– Ds

± → +-± from BaBar, CLEO-c
• CP violation searches using Dalitz plots

– SCS decays: D± → K+K-± from CLEO-c, BaBar
– Use in measurements of 3

– Use in D-mixing parameter measurements
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Isobar Dalitz Plot Analyses
• The “isobar model”, with Breit-Wigner resonant terms, has been widely 

used in studying 3-body decays of heavy quark mesons.

• Amplitude for channel {ij}:

• Each resonance “R” (mass MR, width R) assumed to have form
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Introduction to D+ → K-++ decays

• In 1981 Mark II studied this Dalitz plot and 
observed “non-uniform” density. 

• In 1987 Mark III published a Dalitz analysis
• In 1993, E691 confirmed the main features:

– a strong non-resonant amplitude and 
– a poor fit.

• In 1988, LASS published K-+ scattering results: 
D. Aston et al., Nucl. Phys. B296, 493 (1988).

• Ca. 1996, Bill Dunwoodie suggested a model-
independent way to compare to LASS results.
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Introduction to D+ → K-++ decays, contd.

• E791 found evidence for a  in D+ →  -++ decays 
[E. M. Aitala et al., Phys. Rev. Lett. 86, 770 (2001)].

• E791 found evidence for a  in D+ → K-++ decays 
[E. M. Aitala et al., Phys. Rev. Lett. 89, 121 801 (2002)].

• A new MIPWA analysis was done by Brian Meadows et al., 
(E791) and published as E. M. Aitala et al., Phys. Rev. D 73, 
032004 (2006).

• FOCUS found an acceptable fit using a K-matrix description 
of the S-wave with no pole [J.M. Link et al., Phys. 
Lett. B585, 200 (2004).].
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E791 D+ → K-++
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E791 D+ → K-++

Total ~138 %

2/d.o.f. = 2.7

Flat “NR” term does not give
good description of data.
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E791  Model for S-wave

2/d.o.f. = 0.73
(95 %)

Total            ~89 %

M = 797 ± 19 ± 42 MeV/c2

 ± ± eVc

Probability

E. Aitala, et al, PRL 89 121801 (2002)
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Model-Independent
Partial-Wave Analysis

• Make partial-wave expansion of decay amplitude 
in angular momentum L of produced K-+ system

• CL(sK) describes scattering of produced K-+.

– Related to amplitudes TL(sK) measured by LASS

D form
factor

spin
factor
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Model-Independent
Partial-Wave Analysis, continued

• Define S–wave amplitude at discrete points sK=sj.  Interpolate elsewhere.

 model-independent - two parameters (cj, j) per point

• P- and D-waves are defined by known K* resonances

and act as analyzers for the S-wave.
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• Phases are relative to K*(890) resonance.

• Un-binned maximum likelihood fit:

– Use 40 (cj, j) points for S
– Float  complex coefficients of K*(1680) and K2

*(1430) 
resonances

• 4 parameters (d1680, 1680) and (d1430, 1430)

! 40 x 2 + 4  =  84  free parameters.

Model-Independent
Partial-Wave Analysis, continued
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Comparison with Data: 
Mass Distributions

S

2/NDF = 272/277 (48%)
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Comparison with K-+ Scattering 
(LASS)

• S (sK) is related to K-+ scattering amplitude T  (sK) :

• In elastic scattering K-+ → K-+ the amplitude is unitary

• Watson theorem requires that 0(sK) be real:
– Phase of TL(sK) should match that of CL(sK).

– Applies to each partial wave (L=0, 1, 2, …)

K.M. Watson, Phys. Rev. 88, 1163 (1952)

2-body
phase space

Production 
factor for K

system
Measured by 

LASS
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Watson Theorem - a direct test
• Phases for S-, P- and D-waves are 

compared with measurements from 
LASS.
– S-wave phase s for E791 is 

shifted by –750 wrt LASS.

s energy dependence differs 
below 1100 MeV/c2.

– P-wave phase does not match 
well above K*(892)

• Lower arrow is at K
threshold

• Upper arrow at effective 
limit of elastic scattering 
observed by LASS.

S

P

D

Elastic limit K’ 
threshold



• S-wave K-+ dominates 
over I=2

• K-+ amplitudes and “isobar”
parameters virtually unchanged

++ (I=2) vs. K-+ S-wave?
• Add I=2 amplitude, A2 to best isobar model fit. An enhancement is 

known at high mass. (Fit includes a  isobar): 
– Interpolate phases, 2(s), from Hoogland, et al., 

Nucl.Phys.B126:109,1977
– Assume amplitude is elastic [ A2= a2ei2 sin2(s) eI2(s) ]
– Fit for complex coefficient a2ei2  Excellent fit
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Summary of E791 D+ to K- analysis
• A new technique for analyzing the amplitude describing a Dalitz plot 

distribution is used in D+ decays to K-++.
• Could provide model-independent measurements of the complex 

amplitude of the K-+ S-wave system, provided a good model for the 
P- and D-waves is used.

• New measurements for invariant masses below 825 MeV/c2, down to 
threshold, are presented.

• No new information on (800) from sample this size
• The Watson theorem does not work well with D+→ K-++ decays (or 

there is an I=3/2 admixture).
• I=2 component not needed by fit. 
• Better parameterization of P-wave is needed: perhaps the B-factories 

can do a model-independent measurement of S, P and D waves using 
their high-statistics data.
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E791 D+ → -++

No “(500)”
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E791 D+ → -++



BaBar D+ → -++
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• B. Aubert et al., Phys. Rev. D79 
032003 (2009).

• ~ 10,000 events
• Events with D0 → -+ where the 

D0 is from D*+ decays are removed; 
same for K → misid

• Very active Dalitz plot



BaBar D+ → -++
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• 30-point interpolated 
S-wave amplitude

• Magnitude and Phase 
plotted vs m(-+)

• Both are compared to 
E791, FOCUS



BaBar D+ → -++
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• Good 2: 
2 /df = 365/327

• S-wave peaks at 
f0(980), as well as 
some activity at 
f0(1370) and 
f0(1500)

• Spin-2 resonance 
f2(1270) is 
significant



CLEO Ds
+ → K-K++ analysis

R. E. Mitchell et al., Phys .Rev. D79 072008 (2009)
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CLEO Ds
+ → K-K++ analysis
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CLEO Ds
+ → K-K++ results
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• Fit confirms E687 resonances:
K*(892), K0*(1430), f0(980), (1020)

• Fit adds f0(1370) and f0(1710) at the ~4% 
and ~3% levels, respectively

• 2 /df = 178/117



BaBar Ds
+ → K-K++ analysis

B. Aubert et al., Phys. Rev. D83, 052001 (2011)
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BaBar Ds
+ → K-K++ analysis
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• Using moments of Legendre polynomials of 
helicity angles, BaBar extracted the S, P 
magnitudes and relative phase in the region 
(0.99 < mK-K+ < 1.15) GeV/c2 

• The P-wave is essentially pure (1020), and 
is therefore described as such to extract a 
binned S-wave amplitude.



BaBar Ds
+ → K-K++ 

S-wave intensities, compared
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BaBar Ds
+ → K-K++ results
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• BaBar performs a MIPWA S-wave analysis
• Fit confirms E687, CLEO-c resonances:

K*(892), f0(980), (1020), K0*(1430), 
f0(1370) and f0(1710)

• BaBar result dominated by first 3 of above



Searching for CP Violation in SCS 
Charm Decays: D± → K+K-±
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• CP violation in charm is expected to manifest itself in Singly 
Cabibbo-suppressed (SCS) decays.

• Within the Standard Model, one expects CP violation asymmetries 
in SCS Decays ~10-3 

[B. Bhattacharya, M. Gronau, and J. Rosner, arXiv:1201.2351,
H. Cheng and C. Chiang, arXiv:1201.0785].

• New Physics can give CP violation asymmetries ~10-2. 
[I. I. Bigi, A. I. Sanda, CP Violation, Cambridge (2000).
I. I. Bigi, arXiv:hep-ph/0107102v1 (2001)].

29
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Standard Model interfering amplitudes:

A ~Vcs
*Vus A ~ Vcs

*Vus, Vcd
*Vud, Vcb

*Vub

•In the Wolfenstein parameterization, the CKM matrix (below) clearly gives only a small CP 
violating asymmetry.

30



M. V. Purohit, Univ. of S. Carolina, ICHEP 2004, 
Beijing, China

Older ACP Results, ca. 2005



CLEO-c D± → K+K-±
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• P. Rubin et al., Phys. Rev. D 78, 072003 (2008).

• Three different fits to the Dalitz plot.

• FitB is best

• D+ and D- have magnitudes ar + br and ar – br,
they have phases r + r and r - r

• A simultaneous fit is done



CLEO-c D± → K+K-±
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CLEO-c D± → K+K-±

M. V. Purohit, Univ. of S. Carolina 34



LHCb D± → K+K-±
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• R. Aaij et al., Phys. Rev. D 84, 112008 (2011).

• LHCb use a comparison of binned Dalitz data

• The overall normalization is corrected for



LHCb D± → K+K-±
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LHCb D± → K+K-±
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Recent BaBar D± → K+K-±

(Mass Plot, Efficiency vs cosCM)

[BaBar

Preliminary]
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BaBar
Preliminary

BaBar
Preliminary



Recent BaBar D± → K+K-± (vs cosCM)

[BaBar

Preliminary]

Integrated Asymmetry:

(0.35 ± 0.30 ± 0.15)%
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BaBar
Preliminary



Recent BaBar D± → K+K-±

(Efficiency Across Dalitz Plot)

[BaBar

Preliminary]

MC only MC + Trk

MC + Trk 

+ Prd
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Recent BaBar D± → K+K-± (CPV By Regions)

[BaBar

Preliminary]
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BaBar
Preliminary
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Recent BaBar D± → K+K-± (LHCb Style)



Recent BaBar D± → K+K-± (Dalitz Fit)

[BaBar

Preliminary]
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BaBar
Preliminary

BaBar
Preliminary

BaBar
Preliminary

BaBar
Preliminary



Recent BaBar D± → K+K-±

(Results for combined fit)

[BaBar

Preliminary]
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Recent BaBar D± → K+K-±

(Simultaneous Fit to D+, D-)

[BaBar

Preliminary]
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BaBar
Preliminary

BaBar
Preliminary

BaBar
Preliminary



Conclusions
• High statistics are here to stay. Much work done over the years with increasing 

statistics by Mark II, Mark III, E691, E687, E791, FOCUS, BaBar, Belle, 
CLEO, LHCb, …

• The isobar model needs updating. We may also need better descriptions of 
resonances, especially when they overlap (for a given l-wave). 

• Some changes already tried by one or more collaborations:
– K-matrix approach (requires ad-hoc parameterization of NR amplitude).
– Model-independent partial wave amplitudes (MIPWA)
– Threshold effects
– Experimental resolution may need more attention

• MIPWA obviates questions such as 
– Kappa, Sigma: do they exist or not?
– Unitarity problems of overlapping resonances (for a given l-wave)[?]
– Threshold effects

• CP Violation: 
– SCS Dalitz decays investigated by CLEO-c, LHCb and BaBar
– Dalitz plots have proved useful in extracting CP parameters in neutral D-mixing
– Dalitz plots also used in extracting 3
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EXTRA 
SLIDES
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The K-matrix approach
• Most recently championed by FOCUS
• Gives as good result as isobar fit with  (CL = 7.7% 

vs. 7.5% for isobar fit. Without a , CL = 10-6. See 
Edera’s talk, Daphne ’04).

• Respects unitarity in K scattering, but is this also 
true in D decays?

• Further, the K-matrix also requires an ad-hoc 
parameterization of the non-resonant amplitude.

• Does this mean that the conclusion from the K-matrix 
work (no broad new scalars are required) is correct?
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K Scattering
• Most information on K-+ scattering comes from the 

LASS experiment (SLAC, E135)

a – scattering length
b – effective range
p – momentum in CM

Data from:
K-p! K-+n

and

K-p! K0-p
NPB 296, 493 (1988)

Parametrize 
s-wave (I=1/2)
by

No data from E135 below 825 MeV/c2
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K Scattering
• Relatively poor data is available below 825 

MeV/c2.

H. Bingham, et al,
NP B41, 1-34 (1972)

825 MeV/c2 825 MeV/c2

P. Estabrooks, et al., NP B133, 490 (1978)

I = 1/2 I = 3/2I = 1/2
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• Precise knowledge of the S-wave K system, particularly in 
the low mass region, is of vital interest to an understanding of 
the spectroscopy of scalar mesons.

• It may be possible to learn more from the large amounts of 
data on D and B decays now becoming available.

• The applicability of the Watson theorem can also be tested.

• E791 is first to use, in this report, a Model-Independent Partial 
Wave Analysis of the S-wave in these decays to investigate 
these issues.

K Scattering in Heavy Quark Decays
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Asymmetry in K*(892)
• Helicity angle  in K-+

system

• Asymmetry:
= tan-1m00/(m0

2-sK )

p
q


cos  = p¢ q

K-

+

+

LASS finds  =0 when BW» 135±

! P - s is -750 relative to
elastic scattering
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Comparison with Data - Moments

S

p
q



K-

1
+

2
+

• Mean values of YL
0(cos 

)

• Exclude K*(890) in 

K-2
+
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Production of K-+ Systems
• Production factor 0 (sK) is

• Value for 0 found by minimizing

Summed over measured j’s
•  = ( 123 3 § 3 9 )0 ; Q = 0 74 § 0 01



M. V. Purohit, Univ. of S. Carolina

Production of K-+ Systems

Plot quantities (sj), 
evaluated at each sj
value, using measured j
there.

• Roughly constant up to 
about 1.250 GeV/c2

Constant = 0.74§ 0.01 
(GeV/c2)2.
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• Find S.  Allow P and D 
parameters to float

– General appearance of all 
three waves very similar 
to isobar model fit.

– Contribution of P-wave in 
region between K*(892) 
and K*(1680) differs 
slightly – balanced by 
shift in low mass S-wave.

Fit E791 Data for S-wave

S

P

D

Phase Magnitude



Observing CPV in D Dalitz Decays

57M. V. Purohit, Univ. of S. Carolina



Final State Interactions: What's Interesting
• Final State Interactions can affect / produce

– the amplitudes of resonances
– threshold effects etc.
– strong phases

• Important for CP Violation studies
– small (BSM) CP phases can be enhanced in 

regions
– differential observables can help shed light on 

the theory / mechanisms at play
• See, e.g., B. Kubis, arXiv:1108.5866
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