Supersymmetric Gauge Theories

with Matters,
Toric Geometries and Random Partitions

Yui NOMA

Department of Physics, Graduate School of Science, Osaka University

31 Oct @ APS-DPF2006 + JPS2006

This talk is based on [hep-th/0604141] Y.N.



Contents |

1. Motivations

2. Correspondence : gauge theory <« toric variety

3. Correspondence : statistical model of partitions < gauge theory
4. Correspondence : statistical model of partitions < toric variety

5. Symmary



Motivation 1 : Geometric engineering

N =2 SU(2) gauge theory « Type IIA compactified on
C.Y. 3-fold (Aq-singurality)

Mloqu /

W* « D2-brane wrapped on CP!
4 3-form

R4 C.Y. 3-fold Type IIA

!
R4 « gl C.Y. 3-fold M-theory



Motivation 2 : Melting crystals

Instanton part topological vertex
of Nekrasov's formula 1
melting crystal

N\ /

Random partitions

Perturbative part Geometry
of prepotential 1
Crystal

N\ /

Ground state of
random partitions
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with no matters 1
1 Ground state

Partition function o (V\-/it-h no matters)
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(2D CFT)

Free fermions



Correspondences

Perturbative sector «+~ Dimension of a Hilbert space
with a adj. matter
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(2D CFT)

Free fermions



(g-deformed)

. oric varieties

N = 2 gauge theory -
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Statistical models of partitions
(2D CFT)



AD N = 2* gauge theory : Nekrasov formula

o 4D Nekrasov formula for SU(2) with a massive adj. matter
[Nekrasov and Okounkov ‘03]

o pert 4|)\(1)|_|_4‘)\(2)|
ZNek adj — ZNek adj Z <
A

Lo Gt MDA i gy (et g 4 )
(ri)(s.5) (a_;%s + 45 —1)- (madj;_(lrs N )\Z(s) B >‘§T) i)

Y

pert . 2 pert
fadj. o %@Oh In ZNekadj.’
. . ;
Fogtt = lim A2 (In Znek — In ZE29H).
h—0
Znekadj. - Nekrasov's partition function

h : graviphoton background ~ “string coupling”
A partitions, (r = 1,2),

Al =N
ars = ar—as, as (r = 1,2) is the vev. of the scalar
Zg:]_ Ar — 01

AL 4 |A2| : instanton number



5D N = 1* gauge theory : Nekrasov formula

o 5D (R* x S1) generalized (g-deformed) Nekrasov's formula

__ —pert 4N 44| 2\(2)
ZNek 5D adj — ZNek 5D adj Z < | +4 |
_ A
2(%4-)\(8)—)\(.7")_‘4_') .[2(&4_%4_-_-)'
11 ' : o q*/? 2T T T Vg1
X x :
%) 208 +5 = D] 1o (26 + %+ A0 = A0 — i 4 )
! q | q1/2
pert _ . 2 pert
‘7:5D adj. %E}ﬂo h=In ZNek,SD adj.’
nst — 2 pert
]:énDSadj. — 7|i[>n0 h=(In ZNGK,5D adj. — In ZNek,5D adj.)‘
B : circumference of S! in the 5th direction,
. n/2— _n/2 H ‘" : 1
[n],1/2 .221/2_3_1/2, is called “g-integer”,

qg = exp(—ph/2), deformation parameter.
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Statistical models of partitions
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Polyhedron

X ALE space (A7)

CcP! non cpt. C.Y. 3-fold / /

Polyhedron P on a 3D lattice M.
PN M : holomorphic functions
on the variety
(crystal)

With no matter.

ZinstSD . ZtOp [Igbal, Kashani-Poor ‘03]
Nek X 7

[Maeda, Nakatsu, Y.N. and Tamakoshi ‘05]

FLOt = i[limo 2" Card” (PN M) + const., for 3>> 1.

"Card” means it is regularized.
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Polyhedron |

Xogj ALE space (A7) f f |
l E E k_
w2 non cpt. C.Y. 3-fold 5 —

Fundamental domain

This is a polyhedron
considered to be periodic.
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Polyhedron

Fundamental domain Pg;

Pagj N M: crystal

Z

inst
Nek 5D adjy

[Hollowood, Igbal, Vafa ‘03]

o Ztop,
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Prepotential from Polyhedron

We regularize the cardinality.

Prepotential emerges from cardinality

]-"ggzdj = i[ll_rr(l) hQCard(Pgdj N M)+ const.,, for 3> 1.
T]_ — 2a2, TM = madj/h,
Tg = —1Inz/(Bh) — 2Ty, Inz =exp(—=872/g2 /).

BRI, BRT, BRT), are fixed.
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. oric varieties
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Statistical models of partitions
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Statistical model of partitions : Embedding

Two partition A(”'”>, r=1,2 can be embedded to a single partition v s.t.

2
{2, p))ii > 1 = U {200, W) 4+ 50)5ir > 11,

r=1
z;(v) = Vz-—i—l-%,
AT et partition, p, . charge for r-th parititon,
pr = pr+&r Er 1= %(T—%)
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Statistical model of partitions

o 7 a sequence of partitions s.t.
m(—p) <---<7(=2) <7(-1) < w(0),
7(0) = 7 (1)t = 7(2)t = - - = w(p)?,
() = 7(—p).

where P A p1 > A1 > pp > A 2>
p+1
Zsp = Y. ( I1 qﬂ(m)> (_zq—u)lﬂ(O)l(_q—u+1)lﬂ(u)l.
T \m=—u+1
p+1
— Z(_Zq—u)w S I1 g™ (M (_ gt 1ylm ()]
A W(O7)T:)\m=—,u—|—1
— Z pe’r't( ). Zznst(p)
core
p+1
where pm ( I1 7T(m)|>
'@ = Y 2t

(0)—core x (—zq=P)ITO)(—g—rt+1y|m(W)].

18



Statistical model of partitions : Ground state

Pap(p) := {m|n(0) = core(p)}.
“nepp € Pap(p), st. |neee| < ||, "m € Pap(p).

Tgpp . dground state.

(n) max{core(p); —n, A\i'} for (n > 0)

TGPP i —

' max{core(p);4n, A\i't  for (n < 0),
MY = max{core(p);4,,core; — u}.

mepp donimates Z25 (p) at ¢ — 0 (8 — o0).

/
/

/
/
7

/)

T PN Example of mgpp iNn the case

/ of u=2
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Gauge theory and Statistical model of partitions

Zaenspa; = 2 (D),
( EiE <>)
Tgpp(m
pert L : 2 H q
Fspagg = RNMATING A\ "1y
><(—Zq_ﬂ)|260re|(—q_:u—i_l)hTGPP(:u)‘.
~+const. for 6> 1,

g = exp(—Bh/2),
H = 2'rnadj/hv
Inz = exp(—87r2/g)2/M).
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<4 emerges from mgpp by the following map.
(e (0); if |2nﬁ% E<n<—p

T (n); = { max{mepp(n);, meppr(p+n);} if —p<n<O0
| mGrp(0); ifO0<n< -3 -4

We can map bijectively from T to m € Pyq; N M:

(nef + F(—p+j—i+1Des+ (u—n+i—1)e}

for g3 —p/2 <n < —p,

Jnel + f(n+j—i+es+ (—n+i—1)es
for —u<n<O0,

nei + %0 — i+ 1)eb + (i — 1)e}
for 0 <n < — '2”5% 1?2,

3
[

\

er: the basis of M

1
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Padj from TGPP

separate

—

TGPP

-/ -2y

/

C
adj
(We neglected (—1)Im@I+Im(wl )

permutation

—

L (zg)Imcpp(0)]
(g~ H)Imapp (1)

—In(2)/(28h) — /2
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Comment

Relation between the gauge theory, the statistical model and 2D CFT.

ZiNek,5D adj U(1) = ZsP

it it
= sy (@ T2 dsypla )
A\, U

= I {(1—2«%')1 1 <1—z@'q~7’“+1>}
1=1

7,k=1

H p+1
= Tr (zLO 11 exp(—ip(g " T 2)) :) .

n=1

sx/u(x') : skew Schur function,
@ . 2D chiral free boson.

25



Summary

e \We generalized the dualities to the case of the gauge theory with a
massive adj. matter.

e This is a realization of gauge/gravity correspondece by means of sta-
tistical model of partitions.

Future direction

e Further genelarization to the case of quiver gauge theories.

e Relation between 2D CFT (WZW) and SU(N) SYM with a massive
adj. matter.

e Relation between integrable systems and SYM.

26



Appendix
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4D N = 2 gauge theory

Multiplets in 4D N = 2 gauge theory

Ay A
wl ¢2 Xl X2
@ p)
Vector multiplet Hyper multiplet (matter)

The low energy effective action is determined by derivatives of a holo-
morphic function F called prepotential.

S = /d4xd40]-"(<b),
F = f—pert_l_j:inst.

28



AD N = 2 gauge theory : Nekrasov formula

o Nekrasov formula for SU(2) with no matter
[Nekrasov and Okounkov ‘03]

(s) ry ., .
Inex = Zha > I TR R ke St A
- e ars/h—+j —1

(r,0)#(s,9)

Znek . Nekrasov's partition function
h : graviphoton background ~ “string coupling”
A opartition, (A= (A1, A2, ), A € Z>0, Aj > Ajt1),
Al =302 A
/\ : scale parameter
= ar —as, as (r =1,2) is the vev. of the scalar

Y

Ars
Zg:l Ar — Or
M| 4 [A2] : instanton number
Frert = |im B2 In 2B,
h—0
Fmst = Jim B2(IN Znek — InZZN”Zﬁt).
h—0
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Nekrasov formula |

o 5D (R* x S1) generalized (g-deformed) Nekrasov formula
[Nekrasov and Okounkov ‘03]

t - COIIPING
IneksD = Zhexsp X D (BN (gH? — g 1/2)) NN
A

[2(ars/ﬁ D N )

1/2
x ] — T,
(i) (5.) [2ars/l 45 =D/
B : circumference of S! in the 5th direction,
n/2_ —n/2 . ‘“" . 3]
[n],1/2 :231/2_3_1/2, is called “g-integer”,

q = exp(—06h/2).

t . 2 pert
FPY = |lim hcInZ
5D FL—>O NGK,SD’
st i 2 pert
Fsp- = Jimh (IN Znek,5sD — N Zy o 5p)-
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Toric variety

C*: algebraic torus
Toric variety is obtained by adding points and so on to (C*)™.

Example:
C = C*u {0},
CP! = C U {o0}.

All toric varieties and sections of holomolphic line bundles on it are de-
scribed by polyhedrons on a lattice M.

Example:

32



Geometric quantization (Bohr-Sommerfeld quantization)

Bohr-Sommerfeld quantization rule

1 1
ZB—]{pdq = — T+w,
C hJC h JDj 5
w .= dp A dgq,

33



Toric variety: Geometric quantization (Bohr-Sommerfeld quantization) |

w: Kahler two form
C: S orbit

1 1
) —7{ pdqg = — +w
gst /C gst /D12

A point Gravitational

quantum foam

Kahler parameter is quantized
in the unit of string coupling gqo’ (o/ = 1, g = Bh).

Cardinality is the dimension of the Hilbert space.
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Toric variety: Generalization to noncompact varieties

C is characterized by half line.

C* is characterized by line.

35



Toric variety: Two dimensional example

ALE space (A1) (— C2/Z5)

36



Polyhedron

Polyhedron P for X.

X ALE space (A7)

|
Ccpl non cpt. C.Y. 3-fold

Tp, T7 : quantized Kahler parameters

X is a resolution of the singularities at the origin
of the metric cone of Y22,

37
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Prepotential from Polyhedron

We regularize the cardinality. [Maeda, Nakatsu, Y.N. and Tamakoshi ‘05]

FLO = lim h?Card(P°N M) + const.,  for 3> 1,
T]_ == 2&2,
Tp = —4In7(iﬁ/\).

G
Bh1Tg and BhTy are fixed.
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adding adjoint matter
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Gauge theory with a massive adjoint matter

o Nekrasov's partition function with a massive adj. matter
[Nekrasov and Okounkov ‘03]

o pert 4|)\(1)|—|—4|>\(2)|
ZiNek adj — ZNek adj Z ~
A

S r . . Madit+ars . .
T (ars/h+ AN =27 i gy (P 44— )

(r,i)#(s,5) (a_}gs —|—] — ’L) . (madjh_l_ars 4 )\Z(S) . )\§T) — 4 _I_])

z = exp(—8m?/ge ), myq;: Mass of the adj matter

Y

o 5D generalization (g-deformation)

__ pert 4NV 4411(2)
ZNek 5D adj = ZNeKSDadeZ AT AN
] A
. 2% + AT XD ik )| G =)
X : :
%) [20F +5 = D] 1y (265 + %+ = A0 i 4)
q | q1/2
p= 2T
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Polyhedron

Xadj ALE space (A1)
We want to consider l
w2 non cpt. C.Y. 3-fold

_____ —

We consider a certain polyhedron surrounded by infinite planes and
regard it periodic.

42



Polyhedron

We regard P,q; N M as the
Hilbert space of X4

43



Prepotential from Polyhedron

fggidj = im h*Card(P,; N M) + const.,
Ty = madj/hr
y: —Inz/(Bh) — 2T,
In z exp(—8m2/g2 /).

BRIy, BRIy BhTys are fixed.

for B> 1.

44
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Statistical model of partitions :

Plane partition

o Plane partition m = {wij}

11

1V
21

'V
31

1V

>

>

AV,

T2

1V
22

'V
32

1V

oo

ij=1"

13

'V
23

AY,
33

'V

;5 € Zzo,

Vv

'V

Vv

4 3 2 1
3 2

N W O

plane partition
(3D Young diagram)

:U(1) instanton

46



Statistical model of partitions : diagonal slice

o Diagonal slice of plane partition
Plane partition can be seen as a sequence of partitions:

w(m) = (T14m1sT24m2,---) form >0,
(T1—m1,T2—m2, ) form <O.

oo L m(=2) < 7(=1) < 7w(0) = 7w (1) = w(2) = ---

/\'\ A p1 2A1 2 p2 2 A2
m(0)
N
QN m(4) = (1),
q (3) = (2),
s T(2) = (3),
NN (1) = (4,2),
/ ©(0) = (5,3),
n(—-1) = (3),

m(—2)

(2).



Statistical model of partitions : Random plane partition model

o Partition function of random plane partition model

Zree (0,Q) = 3 gmlQIm(@)

O B SELICO]

A 7(0)=x
= Y QM(sx(¢77))?
A
|| . # of boxes of m,
Q = (BN)?,

sy . Schur function
g P = (q1/2,g3/2,...).

48



Statistical model of partitions : Random plane partition model

For a partition v, we can define a Maya diagram.

Maya diagram
(v=(8,7,4,3,2,1,1,1))

49



Statistical model of partitions : Random plane partition model

Two partition A(”'”>, r=1,2 can be embedded to a single partition v s.t.

2
{2\, pr))i > 1} = (U {202, A7) + 5r)sir > 1,

r=1
A7) eoth partition, p,r . charge for r-th parititon,
pr = pr+&r, Er 1= %(T—%)

50



Random plane partition model

Statistical model of partitions :

AN
Ay

ad

(1,1), po = 3.

2\ (2)

51



Statistical model of partitions : Random plane partition model

Because the mapping is bijective, we obtain :

00 2 o0
Y otTi(v) — > 6275(%4()\(7“))4-@)7

2
0 = > b
=
r=1

:2 2 2
O p) = 2% DO+ S 024+ Y rp,
r=1

r=1 r=1

52
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Prepotential from Random plane partition model

Zrpp (q,Q) can be factorized to two parts:

(1) (2) >
Zrep (¢,Q) = Y. > Qlcore[+2[A[+2[A] 3 g™

P A1) A(2) m=—00

w(0)=A(core, AV \2)
t .
3 ZE5 Q) - 2 (0.0,
p

oo
t :
ZZR?’IGDTP (Q7 Q?p) - = Q|COI’€‘ Z q|7T‘ )

m=—0oo
w(0)=core

P = —p1 — P2.

T he prepotential emerges from Zrpp.
[Maeda, Nakatsu, Takasaki and Tamakoshi ‘04]

ey = lim 2 1n ZE2L (4,Q,p) + const.,
- 0
ZnexsD = Zrpp (4,Q,p),

p> = an/h.
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Prepotential from Random plane partition model

In particular, drgpp S.t.
7TG|:>|:>(O) — core and |7TG|:>|:>| S |7T| for all 7T|7r(0)=core-
repp dominates ZBYY at ¢ — 0 (8 — o0).

[Maeda, Nakatsu, Y.N. and Tamakoshi ‘05]

]_—ggt _ i!lmz) r2n glmerrlQlmerP(O)l 4 const.,  for B> 1

e R wepp for the case of p = 5.
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[Maeda, Nakatsu, Y.N. and Tamakoshi ‘04]

Polyhedron from mgpp

P emerges from mwcpp as follows.

| map between lattices

57



adding adjoint matter
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Statistical model of partitions

o 7 a sequence of partitions s.t.

m(—p) <---<7(=2) <7(-1) < 7(0),
7(0) > 7w (1)t = 7(2)t = - -+ = w(p)?,
() = m(—p).

p+1
Zsp = Z( 1] qw<m>> (—zq MmO gnt1yn(w)]

T \m=—u+1

= > ZE() - 28 ().
2core

P )
Zpert< ) e Z (m—];_{i—l-l )

7(0)= 2core X (—zq M)|7T(0)|( q M+1)|7T(M)|
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Ground state |

Pgp(p) := {x|r(0) = core(p)} .

‘repp € Pap(p), st. |mepp| < ||, Ym € Pap(p).

The explicit form is

(n) max{core(p); —n, Ai'} for (n > 0)

TGgppi\) —

’ max{core(p);1n, A\i'}  for (n < 0),
M = max{core(p);4,,core; — u}.

mepp donimates Z25(p) at ¢ — 0 (8 — o0).

S
\\\ J\\

mgpp IN the case of u =2

/
/

/)

/
/
7
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Gauge theory and Statistical model of partitions

Zaenspa; = 2 (D),
( EiE <>)
Tgpp(m
pert L : 2 H q
Fspagg = RNMATING A\ "1y
><(—Zq_ﬂ)|260re|(—q_:u—i_l)hTGPP(:u)‘.
~+const. for 6> 1,

g = exp(—Bh/2),
H = 2'rnadj/hv
Inz = exp(—87r2/g)2/M).




<4 emerges from mgpp by the following map.
(e (0); if |2nﬁ% E<n<—p

T (n); = { max{mepp(n);, meppr(p+n);} if —p<n<O0
| mGrp(0); ifO0<n< -3 -4

We can map bijectively from T to m € Pyq; N M:

(nef + F(—p+j—i+1Des+ (u—n+i—1)e}

for g3 —p/2 <n < —p,

Jnel + f(n+j—i+es+ (—n+i—1)es
for —u<n<O0,

nei + %0 — i+ 1)eb + (i — 1)e}
for 0 <n < — '2”5% 1?2,

3
[

\

er: the basis of M

1
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Padj from TGPP

separate

—

TGPP

-/ -2y

/

C
adj
(We neglected (—1)Im@I+Im(wl )

permutation

—

L (zg)Imcpp(0)]
(g~ H)Imapp (1)

—In(2)/(28h) — /2
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Comment

Relation between the gauge theory, the statistical model and 2D CFT.

ZiNek,5D adj U(1) = ZsP

it it
= sy (@ T2 dsypla )
A\, U

= I {(1—2«%')1 1 <1—z@'q~7’“+1>}
1=1

7,k=1

H p+1
= Tr (zLO 11 exp(—ip(g " T 2)) :) .

n=1

sx/u(x') : skew Schur function,
@ . 2D chiral free boson.
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