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Supersymmetry always exist 
in higher dimensional gauge theory



A setup

 ・Space-time
xM = (xµ, y)

：　Randall-Sundrum metric

 ・Metric

ds2 = ∆(y)2
(
ηµνdxµdxν + dy2

)

∆(y) =
1
ky

4d Minkowski space-time an extra space



A setup

・A pure abelian gauge theory

S =
∫

d4xdy
√
−g

(
−1

4
gMM ′

gNN ′
FMM ′FNN ′

)

FMN (x, y) = ∂MAN (x, y)− ∂NAM (x, y)

gMN = ∆(y)2ηMN

ηMN =





−1
1

1
1

1





0

0



Mode expansions 1

AM (x, y) = (Aµ(x, y), Ay(x, y))

Aµ(x, y) =
∑

n

A(n)
µ (x)fn(y)

Ay(x, y) =
∑

n

A(n)
y (x)gn(y)
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question

Which complete sets?
Consistent with gauge theory？

complete sets 



Mode expansions 2

[
− 1

∆(y)
∂y∆(y)∂y

]
fn(y) = m2

nfn(y)

・Diagonalization of  mass term of A(n)
µ

Diagonalized

S =
∫

d4xdy
√
−g

(
−1

4
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Mode expansions 3

・Relation between 

δAM = ∂M ε(x, y)
δAµ = ∂µε(x, y)

ε(x, y) =
∑

n

ε(n)(x)kn(y)

δAy = ∂yε(x, y)

fn(y) ∼ kn(y)

gn(y) ∼ ∂ykn(y) ∼ ∂yfn(y)

fn gn&

◆Gauge transformation 

gn(y) ∼ ∂yfn(y)



Mode expansions 4

[
− 1

∆(y)
∂y∆(y)∂y

]
fn(y) = m2

nfn(y)

∂yfn(y) ∼ gn(y)
[
−∂y

1
∆(y)

∂y∆(y)
]

gn(y) = m2
ngn(y)

∂y×

◆Inner product

〈gn|gm〉 =
∫

dy ∆(y) gn(y)gm(y)
Hermitian operator



Supersymmetric structure

(
− 1

∆∂y∆∂y 0
0 −∂y

1
∆∂y∆

) (
fn(y)
gn(y)

)
= m2

n

(
fn(y)
gn(y)

)

H

(
fn(y)
gn(y)

)
= m2

n

(
fn(y)
gn(y)

)

H =
(
− 1

∆∂y∆∂y 0
0 −∂y

1
∆∂y∆

)

Supersymmetry algebra 
(in quantum mechanics) 

Q1 =
(

0 − 1
∆∂y∆

∂y 0

)

Q2 =
(

0 i 1
∆∂y∆

i∂y 0

)

{Qi, Qj} = 2δijH



Schrodinger like equation
(
− 1

∆∂y∆∂y 0
0 −∂y

1
∆∂y∆

) (
fn(y)
gn(y)

)
= m2

n

(
fn(y)
gn(y)

)

W =
1

2∆
d∆
dy

(
− d2

dy2 + W (y)2 + dW (y)
dy 0

0 − d2

dy2 + W (y)2 − dW (y)
dy

)(
Fn(y)
Gn(y)

)

= m2
n

(
Fn(y)
Gn(y)

)

Fn(y) = ∆−
1
2 fn(y)

Gn(y) = ∆−
1
2 gn(y)

E. Witten, NPB188(1981)513

N=2 Supersymmetric quantum mechanics



Supersymmetry 1

・Lagrangian with gauge fixing term

LGF = −1
2

(
∂µAµ +

1
∆

∂y∆Ay

)2

L + LGF =
∆
2

( Ay Aµ)
(

∂µ∂µ 0
0 ∂µ∂µ

) (
Ay

Aµ

)

−∆
2

(Ay Aµ)
(
−∂y

1
∆∂y∆ 0
0 − 1

∆∂y∆∂y

) (
Ay

Aµ

)

L =
√
−g

(
−1

4
gMM ′

gNN ′
FMM ′FNN ′

)

Supersymmetry in the lagrangian?
Supersymmetric strucutre

H = Q2



Supersymmetry 2

L + LGF =
∆
2

( Ay Aµ)
(

∂µ∂µ 0
0 ∂µ∂µ

) (
Ay

Aµ

)

−∆
2

(Ay Aµ)
(
−∂y

1
∆∂y∆ 0
0 − 1

∆∂y∆∂y

) (
Ay

Aµ

)

H = Q2

[H,Q] = 0

(
Ay

Aµ

)
→ eiθQ

(
Ay

Aµ

)
Supersymmetry?

Q =
(

0 i 1
∆∂y∆

i∂y 0

)

mismatch！



Supersymmetry 3

Aµ = AT
µ (x, y) + AL

µ(x, y) ∂µAT
µ = 0with

AT
µ =

1
∂2

(
∂2ηµν − ∂µ∂ν

)
Aν

AL
µ =

1
∂2

∂µ∂νAν



Supersymmetry 3

Aµ = AT
µ (x, y) + AL

µ(x, y) ∂µAT
µ = 0with

AT
µ =

1
∂2

(
∂2ηµν − ∂µ∂ν

)
Aν

AL
µ =

1
∂2

∂µ∂νAν =
1√
−∂2

∂µρ

ρ ≡ − 1√
−∂2

∂νAν

Aµ → (AT
µ , ρ)



Supersymmetry 4

L + LG =
∆
2

(Ay ρ)
(

∂µ∂µ 0
0 ∂µ∂µ

) (
Ay

ρ

)

−∆
2

(Ay ρ)
(
−∂y

1
∆∂y∆ 0
0 − 1

∆∂y∆∂y

) (
Ay

ρ

)

+
∆
2

AT
µ (∂µ∂µ +

1
∆

∂y∆∂y)AµT

(
Ay

ρ

)
→

(
A′

y

ρ′

)
= eiθQ

(
Ay

ρ

)

Q =
(

0 i∂y

i 1
∆∂y∆ 0

)

・SUSY transformation



SUSY as a gauge symmetry

(
δAy

δρ

)
= eiθQ

(
Ay

ρ

)
= θ

(
0 −∂y

− 1
∆∂y∆ 0

) (
Ay

ρ

)

δAy = −θ∂yρ

δρ = −θ
1
∆

∂y∆Ay

δAy = −θ∂yρ

δAL
µ = −θ∂µρ

δAM = −θ∂Mρ

using gauge fixing condition

gauge transformation



Application

・Extra dimensions with boundaries

interval
Orbifold

fixed point

fixed point

We require the boundary conditions 
to preserve the supersymmetry

very restrictive! 
There are only two types of  BC’s at each boundary

T. Nagasawa, M. Sakamoto, K. Takenaga,
PLB562(2003)358, PLB583(2004)357
J. Phys. A38(2005)8053



Generalization

・R-ξ gauge 

LGF = −1
2

(
∂µAµ +

1
∆

∂y∆Ay

)2
LGF = − 1

2ξ

(
∂µAµ + ξ

1
∆

∂y∆Ay

)2

Supersymmetry exist

・(4+1)→(4+n)

Supersymmetry exist

xM = (xµ, yi) (i = 1, 2, · · · , n) ds2 = ηµνdxµdxν + gijdyidyj

S =
∫

dx4dny
√
−g

(
−1

4
gMM ′

gNN ′
FMNFM ′N ′

)
AM = (Aµ, Ai)

AL
µ ↔ A(1) A(1) ≡ Aidyi



SUSY in Gravity

・Gravity with Randall-Sundrum background

ds2 = gMNdxMdxN

=
1

(ky)2
(ηMN + hMN )dxMdxN

hµν =
∑

n

h(n)
µν fn(y)

hµy =
∑

n

h(n)
µy gn(y)

hyy =
∑

n

h(n)
yy kn(y)

fn(y)↔ gn(y)
gn(y)↔ kn(y)

SUSY

C.S. Lim, T. Nagasawa, K. Sakamoto, 
M. Sakamoto, S.Ohya, in preparation



Summary

◆The higher dimensional gauge theories
possess the supersymmetry 
as a part of  gauge symmetry 

◆SUSY of  matter field?

・Summary

・Outlook

◆We can obtain the allowed boundary 
conditions from a susy point of  view

◆Application


