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Motivation

Dirac-Kahler Twist

Dirac-Kahler twist: a kind of topological twist
e applied for NV = #(spinor components) = 2P/2 SUSY in
D-dimensional Euclidean space.
D=2—N=2, D=4—->N=4,....

@ defines tensor charges (twisted supercharges) of all rank,

D-K twist

Qia — Q, Q,ua Q/IJ/7

The scalar charge @ can be interpreted as a BRST charge in a
quantized TQFT.
@ crucial to formulate lattice SUSY with

#(supercharges) = #(doublers) = 2P,
ie. N =2P/2bP/2_ b2

[D’'Adda-Kanamori-Kawamoto-Nagata, Catterall et. al., Kaplan et. al., Sugino, ..
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Motivation

Dirac-Kahler Twist & Lattice SUSY

Twisted lattice SUSY formalism
o N=D=2— OK.
e NN=D =4 — not yet. ..,

due to the lack of simple superspace formulation of
N = D = 4 SUSY in continuum.

In order to construct lattice SUSY formalism, we need
Dirac-Kahler twisted superspace formalism as its continuum
counterpart, especially for N' = D = 4.




Introduction
®0

Dirac-Kahler Twist for ' = D = 4

N = D = 4 Dirac-Kihler Twisted SUSY

N = D = 4 Dirac-Kahler TSYM (on-shell) has been analyzed so
far. [Marcus, Kato-Kawamoto-Miyake, Blau-Thompson]

@ The untwisted J\/ = D = 4 SUSY has two SO(4) symmetries:

[Juws Qia] = (’Yw)ozﬁ Qig, [Rab, Qia] = L (’Yab)u Qjp-
@ Define a new isometry:
Otot 1= OLorentz + OR-symmetrys S = Ju @1+ 1@ Ryp.
@ Take the Clebsch-Gordan decomposition

1
a = Z EQurwp(’Ym 2 icus
P

under which the supercharges transform as " Lorentz" tensors

Otor Qui-—p = Z il Qu ] 1

i
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Dirac-Kahler Twist for ' = D = 4

Dirac-Kahler Twisted SUSY with Central Charge

Yet another possible N' = D = 4 Dirac-Kahler twisted SYM:
the central charge extension. [Sohnius-Stelle-West]

@ The untwisted N’ = D = 4 SUSY w/ one central charge has
the isometries

SO(4) x USp(4)

1%

S0(4) x SO(5).

o1l —

USp(4) = SO(5) (spinor repr.)

@ SO(4) and SO(5) are represented by the same set of gamma

matrices
— we can carry out the D-K twisting as in the previous case.

@ cf. [Yamron, Vafa-Witten]
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Construction of the Theory—Basics

Formulation

@ We take the gauge-supercovariant derivative formulation:

D, : supercovariant derivative

— V= Dp — il 4 : gauge-supercovariant derivative.
@ Superfields are defined as the supercurvatures
{Va,VB} = —iFas,

to be constrained to make them irreducible.

@ The constraints are found as follows:

dimensional reduction

N =110D SYM = N =45D SYM
L fi i
egendre trg;, ormation A — 4 4D SYM W/ cc
D-K twist

= N =44D TSYM w/ CC.
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Construction of the Theory—Basics

Dimensional Reduction through Legendre Transformation

@ From 5D to 4D, we carry out a Legendre transformation to
obtain a gauged central charge. [Sohnius-Stelle-West]
(P, 5P) — (P, MNo), Ly — L,
oL
L:= L) —Neds®, Mo := 9(0:9) (conjugate to @),
so that

OsL =0, no dependence on x°,

(b, MNy), independent fields,
Ps~ Z, central charge in 4D.

These are on-shell in 5D, but off-shell in 4D:
#(fermions) = 16,
#(bosons) = 2(10 (10D gauge bosons) — 1 (gauge)
— 1 (Lagrange multiplier)) = 16.
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Construction of the Theory—Basics

Constraints

We obtain the following constraints for the supercurvatures:

N =D =4 TSYM w/ CC constraints

{V,V}={V,V}=0, {V,V}=2i(Vs — W),

{Vurs Vo } = 2ieppe (Vs — W), {ﬁuw ﬁpff} = 2igpupo (Vs — W),
(Vi Vil = {Vi, Vi) =0, {V: Vo } = 208, (Vs + W),

{vv vm/} = {@, 6;w} =0, {V, @uu} = {@v v/w} =0,

{v, vu} = 2i(vu - Wu)’ {676;1} = 2"(VM + Wu)v

{V, @u} = {@7 vu} =0, {v,uw 6pcf} = 2’.5#V7p0(v5 - W),
{VMV’ vp} = Qi(sw,pg(va + Wo)a {@MW 6/3} = 2’.5W,po(va - Wa)v
{Vur, Vo) = 2ieu " (Vo = Wo), (ViV} = 2ig, 7 (Vo + W,).
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Solutions

Independent Fields

Solving the constraints, we find the following independent fields:

Solutions—Independent Component Fields

Fu =[Vu, W], Fu =V, W],
H,LL = [V5, W}L]a H:= [V57 W]7 8 = [V,uvv5]'
¢ = W], Gu = W, (5 scalars)
.flf K ~-f1]i-u -fl}- ‘
Pr=gimh Py “’N’ X“f M S (16 fermions)
Au = Ful, Ry 2= Py
Ay =iV, (1 gauge vector)
H:= éH|, H, = éHM], (5 auxiliary fields)
= égu|. (1 pseudo vector, constrained)




Central Charge Extension of N' = D = 4 SYM
0®00000

Solutions

Supertransformations

Supertransformations are also given by solving the constraints. In
general component filed f = F|, we obtain Qaf := [V a, F]|.

Solutions—Supertransformations

Qp=—ip, Qo= —ip,
Qb = —idy, Ry = +idy,
Qp=2H—[V,,¢", Qp=0,

Qp =0, Qp =2H+ [V, ¢"],
QX;W = iF,uu - [(z)/u ¢V] + [v[,u’ @bu]]?

. . 1 :
QXuV = iFu — Eguupo[(bpa ¢o] - glwp [Vp, ¢U]a
QA =0, Q/\u = —2( Vi — Hu)v
Qs‘u = —2(Vu + Hyu), QS‘M =0,
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Solutions

Supertransformations

Solutions—Supertransformations (cont'd)

QAL = Ay, QAM = S‘M’
QH = —5 ([Vyu: ¥ 4 [ 61).
0= 5 (T R - ),
QHy = 2 (1Y 71~ [V K21 = 13,6 + [0, 64) + 1D

QHH = _é ([Vm ol — [VmXpu] + [ps ¢#] - [Xup7 ¢p]) + "[S‘w ],
QV = —QH,ua QV = +©Hp>

and for the other charges (Q,, qu Quv)-
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Solutions

Action

Solutions—Off-shell Action

1 , 1 1 1
L= Tr[fZFWF“ — 5 V¥ & S HuH" 4 S HH

= %[v#,¢][v“,¢] = %[v#,(ﬁu][v“,as”]

4 0T N 3070 K]+ Sl Al + 5 RV
— ip[Byus ] = iy '] 4 i [0y ] + %" [, Au]

— SIS NT+ SK06, 5 = Sols ol + 706,71

i i wpw -
= gx“ [, Xuv] + gx“ [¢, Xpv/]

+ 316,816, 91 + 7161, 910" 6]
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Manifest Invariance

@ The a~ction is manifestly invariant under @ and @ asitis Q
and Q-exact: o
L=QL=QL.

@ The other invariances are also shown manifestly, since

1 .
Quuloy = 50wk = QL.

1
Q;u/ LpU = E 6uu,p0[f

+ Q,upLua' - Q,uULVp - QupL,uU + QuaLupa
where 1
QMLM - EQ#VLMV = E?
which can be rewritten as

L~ QuL, ~ éuzu ~ Quuluw no summation.
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Solutions

Manifest Invariance

Explicit Formulas

1 2, o g Z 1 ~ A a
L= 2 (PQP — QN + EchrQXp ) )
1 7 1
Ly = 16 prp"F)\ Qp,)\ + X Qu)\ - 2XpaQuX
1
I—Mu 2 (pQ;wp-f—pQ,wp )\ Quu)\p A Qul/)\ + 2XPO'QMVX )
~ 1 1
I = 2 PQp — X, QN + x,,an
- 1 o ® o sp 1. 5w
Lu= 15 ( =PQuA+ A QuA’ + X QuA” = S K00 Qux™ |,
~ 1 Ip 1 © po
Ly = o7 ( BQuvp + PQuub = Ao Qud’ = X QuuA” + 5Kpo Qux” ) -
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Solutions

Analysis

@ The SUSY algebra closes off-shell by construction.

@ But the off-shell multiplet contains a constraint field V,,, with
the constraint

[Vis Vil + W, H] + Wi, Hy]
~ v 1 .
+ {,0, P} + {)‘lln )‘,u} + E{XWMXMV} =0.

The solution of the constraint: nonlocal. [Siegel]
Lagrange multiplier technique to impose the constraint
— on-shell N' = D = 4 standard SYM multiplet.

@ Topological aspects: all the twisted supercharges Q4 are
nilpotent— BRST-like charges, with ghost number essentially
comes from the chirality. Especially,

Tw ={Q,ANuw} = {Q, 7\#1/} : energy-momentum tensor.
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Summary

Summary

@ In this talk, the exact off-shell formulation of N =D =4
Dirac-Kahler-twisted SYM theory with a central charge is
manifestly presented on the twisted superspace.

e The invariance of the presented action under all of the sixteen
twisted supercharges can be shown explicitly, as well as the
fact that the twisted SUSY algebra closes off-shell.

e The theory should be interpreted as a topological field theory
as in the other twisted supersymmetric theories.

@ The resultant theory could play an interesting role from,
especially, the viewpoint of a lattice SUSY formulation.
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