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Preface

Exotic, “field theoretical” phenomena in solvable
quantum mechanics -- Anomaly, duality, anholonomy

Generalized d-potentials in one dimension
Topological structure U(N) of parameter space
Extensions to two and three dimensions

Applications to nuclear spectra
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Structure of Parameter
Space

e Most general point interaction

1 d’ U
e H--—" self-adjointon R\ {0}

2 dx”’

‘
x=0

e boundary condition
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S1xS3 Manifold

e (U-Ho+iL (U+]) &'=0
o= eig( 2 ﬁ*) ot o+ A3 =1
s (=PGBIt s liare

e If33=0, local representation
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Exotic features

Existence of “2nd class” 6-potential that induces
discontinuity in wave function: “e-potential”

High- and low-pass quantum filter

Parity-duality with reversed coupling
: bosons with 6-potential = fermions with e-potential

Anholonomy in eigenstate (Berry phase)

Anholonomy in eigenvalues (spiral)




Symmetry
Transformation

e >:Hy— Hu=XHuX' :isospectral
Hu [Xe(x)] = ZHup((X) = E [Xep(x)]

p(X) — 2p(x)
i Ll =g Wher o o D AT
O = [C1G1+C202+C3O‘3]ei>‘

e g-invriant submanifolds (torus) "
S UeeslUes Siiant Ul = apetenerns =( z% )
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e Spectra of Hy : eigenvalue of U

o[ F=VAL BV il elbu:
V = eiM/2 02 eiv/Z 03

e Spectra of Hy : eigenvalue of U
: 0 exists such that U=0Dao

R (el’& 0 ) 0, =E=p €[0,2m)
uw €[0,x] ,v E[0,27) :Polar




o ()= { (9+,9—,LL,V) }
:angular paramtrization
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Separated Torus

& borDe=3i=0

o ] 1y 0
U = elg(eo -i¢j
€ torus U(T)xU(1)cU(2)

e With x.=£+¢d, connection separates

sin(x+/2)p(04)+cos(x +/2)p’(04)=0
sin(x-/2)w(0-)+cos(x-/2)¢’(0-)=0

e This cond. obtained as o3Uo3=U
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Semi-Reflection
Symmetry

o P3: p(x) — P3p(x):=(O(x)-O(-x)) p(x)

® —F— 0, AN AN

P!’ —P’*% ()'3(1)' P

e P3-invariant torus
GV =SS H S @i @ane g
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Parity Invariant T+

* Pi: o(x) — P1(x):=p(-x)

¢L01Q) nP

O

d' L O'ICI)' U

e ‘DPi-invariant torus
()p1 ;T2=S1XS1 @GS dog=15]

¢ 7 eig Fqscb ising - S
ising cos
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e su(2) algebra on L(R)®C?
o P2=P=Ps°=1, PiPr=-PyP1=iP; etc.

e P/Pi-invariant ring C' (2-fold degeneracy)
WopSlEa®) - iy B = aiEle =1
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o Wi o(x) — Wiho(X):=X"2p(\x)

'(x) —2— @' (W)
satisfy (U-1)®+iLo(U+1)P'=0 iff

s slchisEr i =GlcilE =0

e Qw;S*CQ : Osinvariant 2-sphere

PS Thie iai Igr +iI3i 5 . e
U= l(_ﬁr R ) Qe S
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Other Sub-manifolds

DR Wl = Tlelbdi=
Qr: S1xS2: UR)YU(1) C O

o PT: o(x) — PIp(x):=p*(- )
B o= SIS 2 S IO e

e Complimentary Manifolds
Qw ; §2; U@)IUM)xU1)]
U=UwUp3
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Structure of Parity T2

o ,,_iE[COSPisinG
et (isinq) cosq)) -

e Even/odd separate with 8.=£+¢ ,
Sin(9+/2)tp+(0+)+COS(9+/2)kp’+(0+)=O
sin(0-/2)p-(04) +cos(B-/2)p"(04+) =0

e . :O, 0 ¢ ’Y+:’[an(9+/2)
i) e 0Tl
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Duality on Parity Torus

R e o
isospectral Self-Dual

e Qsp: diagonal line

T Q
(free)

e [ :0.—0 47

I+: 9+—>9++’K e(0-)

&= 0,
0(y) — e(1/7)
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Spiral Anholonomy

e Line of length L : Dirichlet edges

el Qe i SGS | N @ v
=y 0 L

s reoke i anfE 2
k-cotk.L=tan(0-/2)

on

ToO £
/ 4
0.
2
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: Duality & Spiral
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= sym
-«+= antisym self-dual line
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Dirac Monopole

U in Qw ; S?; =L: Dirichlet edges

kcotkl=[sin€ +v/(1-a.2)]/[cost +au]=0

a. =cos0, P, =cosOcos¢, P. =cosOsing

Berry Phase Y(C) =J dA
C

Connection

dA = @idyp db+ @id,$ do
—1/2-s1m0d0d¢




Extensions

e Point interaction in the presence of singular potential
~1/xP (p<2) formulated essentially in same manner

e Point-like interaction in the presence of singular
potential ~1/xP (p>=2) can be formulated, if “point” is
replaced by arbitrarily small non-zero range A

e Point interaction in 2 and 3 dimension can be
formulated with partial wave dicomposition
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Summary

e In 1D quantum mechanics, the existence of 2nd class
contact force introduces nontrivial topology.

e That in turn results in various exotic phenomena in
solvable quantum mechanics that are usually found in

field theory.

e With slight extension, nontrivial point-like interaction
can be formulated in 2D and 3D quantum mechanics.
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Duality Transformation

10 i0
() 2= i)
STy i ety o e . same spectra

e Spectral torus €, : double covering

GO =B B E ST e

Q(D’): {V—1 D,V|V€SU<2)} o e Dl
are the same N o
o 51 , QSD:{O | OZO-I-:O—} (6-) \
doubly degenerate : "
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Spectral Space

e ——— i ey
B . ' B

0
F S A2
e Fundamental domain @ = /

of spectral space is -

Moebius strip
with boundary

e BT
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