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1 Introduction

Super-covariant quantization of superstring (and branes)
is a long standing fundamental problem.

¢ Conceptual and aesthetic desire

¢ Becoming urgent for practical reasons in various arenas

1. Study of D-brane physics

D-branes generate RR. (bispinor) fields
Difficult to describe fully in conventional formalisms

RINS:  Needs spin fields, picture-changing
GS:  Quantization possible only in non-covariant (and rather singular)

L.C. type gauges.
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2. Study of AdS/CFT

¢ CFT side: Substantial progress has been and is being made through spin-
chain approach, etc.

¢ String side: Quantization in the relevant curved background, such as
AdS5 X S°, with a large RR flux is an urgent and crucial problem.

— Description in the simplified plane-wave background has been achieved in
the GS formalism in the L.C. gauge. Yet due to the lack of covariance, it
is difficult to fully characterize the (SFT) interactions.

3. Study of M-theory

Beyond 11D supergravity approximation, the only formulation we have is the

M(atrix) theory ~ Matrix-regularized supermembrane theory
Only SO(9)-covariant, DO cannot be described.

It is of prime importance to construct a manageable super-
covariant quantization scheme for string and membrane.
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GS-type formulation appears more promissing
as it is classically supercovariant

But

Difficulty in quantization: I

¢ Fermionic constraints: d, = 0

1
do = Do + iawu('yue)a + 5(7“0)0(67/160)

Eight 1st class (x-symmetry) and eight 2nd class.
They cannot be separated in Lorentz covariant way.
(No 8-dimensional representation.)

4

Quantization procedure breaks super-Poincaré covariance.
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Huge number of attempts to overcome this difficulty ~ 2000:

Siegel, Nissimov, Pacheva, Kallosh, Brink, Henneaux, Teitelboim,
Sokatcheu, Solomon, Rakhmanov Mikovic, Rocek, Green, Hull,
Bergshoeff, van Proeyen, Essler, Laenen, Yamron,Hatsuda,Kimura,
Vazquez-Bello, Sorokin, Volkov, Zheltukhin, Berkovits, Galperin,
Tenin:°Delduc, lvanov, Howe, van Nieuwenhutzen,,,,,,,

Such attempts achieved limited success but provided useful hints.
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New proposal by N.Berkovits (2000):

Pure spinor formalism I
Physical states of superstring = cohomology of BRST-like operator (Q I

dz
Q= [ 22X (2)da(2)

1
do = Pa + 10z, (¥"0)a + 5(’7“9)04(9’)’“39) = fermionic constraints

Po = conjugate to 6%,

A% = bosonic “ghosts”, subject to pure spinor conditions )\a'ygﬂ)\ﬂ =0
—> 11 independent components

e All the fields are postulated to be free
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Necessity of pure spinor conditions: Nilpotency:
2¢yHIL, (w)

<~ — w

do(2)ds(w) =

II, = 0=, — 10,00 = superinvariant momentum

Q = / dz] / [dw] A (2) 0% (w) da(2) da(w)

227“Hu/(z w)

py / [dw] A% (w) 7\ (w)TL, (w) = 0

CFT with vanishing center
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Remarkable successes:

¢ QQ-invariant vertex operators are constructed: massless, 1st massive (Berkovits,
Berkovits—Chandia)

¢ Covariant path-integral rules for computing amplitudes to all loops are postu-
lated (Berkovits). They yield known results and more:

— Tree: (Berkovits, Berkovits-Vallilo, Trivedi)

— Loop: Certain vanishing theorems to all loops, some 2-loop calculations,
etc. (Berkovits)

¢ Equivalence with RNS and light-cone GS has been shown (Berkovits, Aisaka-

Kazama)

¢ Action in AdS5 X S° background has been constructed: Classically, there

exist infinite number of conserved non-local charges, as in GS formalism.
(Berkovits, VaIIiIo)

¢ “Topological” formulation in an extended space (Berkovits):
Rules for loop amplitudes ~ topological string ~ bosonic string
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Very interesting, but unusual and mysterious

Where does the PS formalism come from ?

¢ Reparametrization-invariant action ? Underlying symmetry ?

— What is QQ the “BRST" charge of ?
— Where is the Virasoro algebra ?

¢ Why free fields ? How to quantize, with non-linear PS constraints ?
¢ How to derive the covariant rules including the measure ?

¢ Can it be applied to supermembrane 7 (Attempt by Berkovits (02))

We will answer many of these questions
from the first principle by

“Double Spinor Formalism”
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Plan of the Talk

. Introduction
. Pure Spinor (PS) Formalism for Superparticle in 10D
. PS Formalism for Superstring

. Challenge for the Supermembrane Case

U = W N =

. Summary and Future Problems

Based mainly on
¢ “Origin of Pure Spinor Superstring”, JHEP 0505:046,2005 (hep-th/0502208)

¢ “Towards Pure Spinor Type Covariant Description of Supermembrane:
— An Approach from the Double Spinor Formalism —, JHEP 0605:041,2006
(hep-th/0603004)

with Yuri Aisaka (U. of Tokyo, presently at Instituto de Fisica, UEP, Brasil)
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2 Covariant PS Formalism for Superparticle in 10D

2.1 Basic Idea: “Double Spinor Formalism”

If we start from the conventional Brink-Schwarz action with ™ and 6, quanti-

zation becomes inevitably non-covariant.

¢ Introduce an additional spinor 0¢, together with a compensating
new local fermionic symmetry, to keep the physical content intact.

¢ Keep the local fermionic symmetry and covariance for the
second spinor 6¢.
— BRST operator with unconstrained bosonic spinor ghosts naturally arises.

— The non-covariant remnants produced by the quantization procedure can

be decoupled.

— This decoupling process at the same time produces the pure spinor condi-

tions.
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O Fundamental action for type I superparticle:

Formally the same as the Brink-Schwarz, but with crucial re-interpretation

1 .
L=_—TI"1,,, II"=g¢g"—i®y"®

2e _
©=60-20, y"t=a™m —104™0
Basic variables = =™, 6%, 6, m=0~9,a=1~ 16

O Symmetries:

¢ Global SUSY

00 =€, 060=0 = 00 = —e¢
ox™ = 1ey™0 = dy" = —1ey"O
= oI =0
¢ Extra local fermionic symmetry (with local fermionic parameter x)
0=y, d0=x O =0
ox™ = 1xyy"O = ix*ym(é — 0)
= dy™ = ixY"O — ixy™0 + ixy™0= 0
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Using this symmetry, one can fix @ = 0 = Brink-Schwarz action for 0

¢ Kk symmetry

00 = 0, 60 = I,y "k
ox™ = i0y™d0 , de = 4ieOk

O Standard Dirac Analysis:

Momenta
B OL B 1
Pm = %ai;m = m
1 - | .
Do = —— = 1,2 (™ (0 — 20)), = 2 (p(0 — 20)),
%1
Do = —x = _Hmi('ymé)a — 7J(]bé)oz
8904 e
B OL — 0
Pe™ 5¢ —
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Primary constraints

Do= po — i(p(0 — 20))a = 0
Do= Po — i(p0)a = 0

Pe =0
Canonical Hamiltonian
€ m
H = Ep Pm
Secondary constraint: {H,p.}p = 0 gives
1
T=—-p>=0
2p

Poisson brackets for fundamental variables:

{wm, pn}P — 5;'?
{pa’ 9'6}P —5Z ’ {ﬁa’ B'B}P — —55
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O Constraints and their algebra:

Do = pa — i(p(6 — 20))a =0

N 1
D, = po — i(p0)a = 0, T=§p2:O

{Das Dg}p= {Da, Dg}p = 2ipog,  {Da»Dp}p = —2ipag
rest= 0
Generator of local fermionic symmetry:
Aoy=D,+D,, {Aa,Dg}lp={Aq, Dg}p={An Ag}p=0
We may regard D, and A, as independent constraints.

On the constrained surface p?> = 0, rank p = 8
= Da consists of 8 first class and 8 second class.

A natural way to separate them is to use SO(8) decomposition:
p" = (p*t,p7,p"), P =p"£p’, i=1~38
D, = (D, D,), a,a =1~ 8

covsupbr-15



Further introduce k-generator in place of ﬁd

~ ~ p’L i ~
K,= D; — p—+'7'bDb

a

Then

{Daa Db}P — 2ip+5ab
{Ks, Dp}p ={Ks T}p =0

. T
{Ka, K} p= _47/2;5(1,6

So D, are second class and K and T are first class.

Note: K constraint ~ \/_ of T' constraint. |
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O Semi-LC gauge, Dirac bracket and the basic constraint alge-

bra:

Semi-LC gauge: 0% = 0 Imposed only for 6 to fix K symmetry

Dirac bracket:
~ = ')
{Oaa Hb}D — 2pﬁ‘sab
Sa =V 2p+ Ha ’ {Saa Sb}D — i(sab

~

We still have A, = D, constraint (< D, = 0 now)
Basic classical first class constraint algebra:

T
{Ds, D;}p = _4i—+5a1} , rest=20
p

The content of the k-symmetry algebra is transferred to
D, algebra through the local fermionic symmetry.
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O Quantization:

Redefine  po — —tPay Sqg — —1Sq, Do — —2D,,.
Quantization is trivial:

[wm, pn] — 7’521 ’ {paa Hﬁ} — 52 ’ {Scw Sb} — 5ab

|2 ..
D, =d, +1\/2p* S,, D, =d;+1 —+pz72bSb
p

daE Pa + (ﬁe)a

Quantum first-class constraint algebra:

T
{Dd, Db} = _4—+5d67 rest = 0
p
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O BRST charge and derivation of PS formalism:
First class algebra = nilpotent BRST operator (Suppress [):
. ~ - ~ ~ 2T _ - 2 - -
Q = ANDgy + AgAeb + —¢c = A"D, + — A A\ob + T
pt pT
{B, E} = {b,c} =1, A® = unconstrained bosonic spinor

At this stage, Q contains the “energy-momentum tensor” T', as expected for a

reparametrization invariant theory.
Also note the important relation {Q, b} =1T.

We now show that Q can be transformed into Q = A%d,, of the PS formalism

without changing its cohomology by a quantum similarity transformation:
Step 1:

¢ Disappearance of T',b,c = explains why T is absent in Q.

¢ and the appearance of a quadratic constraint Ay — Aas AagAg = 0

covsupbr-19



Introduce an auxiliary field l; with the properties S\dld = 1 and Il l; = O.
Then, one can construct another (composite) b-ghost bp in addition to

the original b:

+
p A
bp= —ZldDd = {bB,bB} =0, {Q,bB} =T

Perform the following similarity transformation: T' disappears and we get

c'LS\i)S\i)> Dd —+ \(2/P+)5\a5\a13

< dp: decouples

e’BeQe 8¢ = X\, D, + (5\@ —

\ .

>f<l\9||—*
Sy

a

= Q + 5

where

QZ 5\aDaL + Ao D¢ Mg\ = 0 : one of the PS constraints
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Step 2: Decoupling of S, and a part of A AL — A

Split S, and A, into two parts by introducing projection operators
Pc;lb T Pc?b = Oab ’ Pc}b = _(72)‘) (Wzl)b — Pb2a

Sa =S+ 82 = (P'S), + (P*S)a
Ao = AL £ 22 = (PN, + (P2,
AClLS}L = )\252 =0, ete
¢ )\}l satisfies the remaining 4 PS conditions )‘2721;)‘6 = 0.

= | A* = (AL, \;) satisfies Ay™A =0

¢ (S, S?) forms a “conjugate” pair:
{SaSpt = {Sa S5} =0, {8, S8,} =Pa, {SoSp} =Py

In terms of these variables, Q takes the form
Q — )\ada,+3. v 2p™ )\25; + )‘ida + 12 (\/ 2pt >‘1 \/ pt pzAa’Ya,b> Sg
Q 5
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Now perform another similarity transformation:

~

e¥Qe ¥ =Q+ 6
where = = {6,0} = {6,A\%d,} =0

Thus we finally obtain

Q= 2\%d,, Ay"A=0

Note: Once we decouple non-covariant S,, we are bound to get PS condition
AY™A = 0, since it is the only way that (Q remains nilpotent.

Thus we have derived the PS formalism for superparticle from

the first principle.
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3 PS Formalism for Superstring

The basic idea is exactly the same as for the superparticle case.
However we will encounter several new non-trivial complications:

¢ Action is more non-linear with the WZ term.
¢ More complicated structures with the derivatives 0,.

¢ For type Il string, left-right separation will be non-trivial due to

extra spinors.
¢ Fundamental fields are apparently not free under the Dirac bracket.

¢ Quantum singularities will produce corrections.
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O Reparametrization Invariant Fundamantal Action (for type
IIB):

Formally the same as the GS action:

S = /dzﬁ(ﬁK +Lwz),
1

Lk = =5V =99 "y ,

Lwz = eTM(W, . — W2 ) —e'W!mW?. ~ 00,
where

0" =oy™ — ) WiA™, WA =ie4y"9,04 (A=1,2)
A

O4= 04 — 04, y" =az™ — Z 104~4™A
A

Symmetries: Reparametrization, Global SUSY,
extra local fermionic sym. and Kk symmetry.
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Procedure:

¢ Perform Dirac analysis to get constraints

¢ Identify k generator, and separate the constraints into 1st class and the 2nd
class

¢ Adopt the semi-LC gauge for 0 and compute the algebra of constraints under
the appropriate Dirac bracket

4

Constraint algebra governing the entire classical dynamics: (for
the left-moving sector)

{Dai(a), Dy(o')}p= —8iT (0)d,;6(0 — o’), rest = 0
T

—, T = Virasoro generator
I1+

covsuphr-25



O Free field basis:

& Problem: Except for the self-conjugate field S, = v 211+ 0,, the other
basic fields no longer satisfy canonical relations under the Dirac bracket:

Examples:

{z™(0),k"(0")}p = n™"8(0 — o’) + (3/211") (v"0)a(v")a(0)d' (0 — o)
{k™(0),k"(0")}p = —(i/2)0:[(1/TTT)(v"0)a(7"O)ad (0 — 0’)], ete.

O  Solution: We have found a systematic redefinition of the original mo-
menta (K™, k;“, ké‘) — (p™, pf, pdA) so that the new fields satisfy canonical

bracket relations:
P = k™ — i8,(6+™0) + i8,(6~™0)
po = k2 — ina(8,2T — i9A7+809A)é;4
+ Na [2(7i809A)aéA7i9A + ('YiHA)aaa(éA')’ieA)} ’
pdA = kf + inA('ymHA)d [—ZiéA’ymBaHA + iéA'ymaaéA — i@a(éA'ymHA)]
— ina(7'04)4[0,x" — 31044'0,04 4 2i04~'9,04 + 19, (64~ 04)]
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In terms of these “free” fields (™, p™, 0%, Pas Sa)

(= the canonical basis for the supersymplectic structure on the constraint surface)
the constraints simplify considerably and become very similar to those for the
superparticle case:

D, = d, + iV2II+ S, ,

D, =d; +1i 211@' ) . *$)(S~'8,0
@ = g + 1 0+ (v )a-l-m(’)’ )a(SY'0,0) ,
B 111"11,,,
4TIt
where  do= pa — 1(Y"0)a(Pm + Ox) — (7V"0) (07, 00)
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O Quantization:

Radial quantization is straightforward, except that we need to add a few quantum
corrections due to multiple contractions and normal-ordering.

D, = d, +ivV2rx+S,,

2 .. 1 : .
Dy = dy + i\ —7"(v'S)a — —(7'S)a(57'00)
T T

4829d 287‘('_'_89&
_I_ —

Tt (7rt)2
17, 1 .| 2 . V2 i Qi
T = 5 " — 27-‘-—+S68SC + 12 Fscagc -+ 2(77+)3/27T (5'7 89)
(S i89)2—|—4826680é 1 82 In 7T+
(wt)z ) (7). 2 o+

where "= 10x™ + 6400
1

This coincides with the system constructed by hand by Berkovits and Marchioro,
hep-th/0412198 | We have derived it from the first principle.
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Under OPE, they close as

—46 ;T
Diy(z)D;(w) = a7 (W) ; other OPE's = regular
z—w

O BRST operator:

)= [ L (30D, + o — Gyt i)~
Q= [ i (APt T = G Ny

271
A% = unconstrained bosonic spinor ghosts
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O Derivation of () for PS formalism:

Essentially the same as for the superparticle case (slightly more involved).

1. Remove by,cand T:  (omit [ dz/2mi)
eXQe X =67 +0Q
O = (2/TINAeXab, Q = AoD,+ XeDay  Aahg =0

I+ -
X = bBC, bB = _T(ldDd) ) Adld = 1, ldld =0

2. Make further similarity transformations

eZe¥Qe Ye 2 =Q+ §

d,S? N 4(06,X) (00;1;)

1
Y =—=S.S’Inw" Z =1
g7a”a T V3 _—

§ = V2iX28!

Q = A%dq, MY =0
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4 Challenge for the Supermembrane Case

It is extremely challanging and intersting to see if our idea can be applied to the
supermembrane in 11D.

4.1 Constraint algebra at the classical level

Fundamental Action

S:/dS&C, £:£K+£WZ (€I:(t,0'7;), I:ONZ,’i:1,2)
1

Lx=—5V—9 (¢MIy'IIy — 1), (M =0~ 10)
1 1
Ly z= —ie”KWIMN <Hf}4 oy + Imywy + gij wy > ~ O(09%
where

' = ory™ —wM, wM=ier"ge, wMV=ier""ge

©=60-0, yM=zM_i;0T7M0
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First class algebra of the constraints in semi-LC gauge 't = 0:

{Da(0), Ds(0")}p = (T4 + Tm'ygq’ﬂ-)é(a —o'), all the rest = 0

where 7 and 7Z,,—1~9 are linear in the bosonic reparametrization constraints
T = KMKy + det (TTIMI) =0, T, = KyIIM =0
where K= ky — Eisz'MN (H;V + %WJN)

¢ (7,7,,) define the same constraint surface as (7', T;), but the system is
first-order reducible: HZ;T"Tm =0, (p=1~17)
= One needs care in constructing the BRST operator in such a case.

¢ Unfortunately it is hard to construct the “free field basis”.
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5 Summary and Future Problems

Summary:

¢ Basic idea

8 second class
8 K-sym

x™, (0%, po) |8 semi-LC conditions

* —

(6°, ) - 3,
32 8
(A%, @a) = (A* wq) @ 5 bosonic pairs | form quartet and decouple
16 pairs 11 pairs
1]: (b, c)
AY™A =0 o
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fermionic local sym

¢ K sym. ~ v of T' sym. — QBrsT sym.
K invariance is more generic
and explains
— why T need not appear explicitly in PS formalism
— why background field eq. is obtained either from k invariance or from

conformal invariance.

¢ The basic idea seems to work also for the supermembrane.

Quantization requires more work.
More conditions on A4 than just A\CTM X = 0.
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Future Problems: I

¢ Path-integral derivation of the covariant rules, including the multiloop mea-

sure.

¢ Understand the origin and the structure of the new non-minimal “topological”
PS formalism (Berkovits, hep-th/0509120; Berkovits and Nekrasov, hep-th/0609012) .

¢ Further analysis of supermembrane.  Dimensional reduction to string case ?

¢ Extract physics: Application to curved backgrounds, in particular AdS5 X
S°.
— Spectrum: superparticle, superstring.

— Integrability in AdS5 X S® background.

Wish to report on further progress in the near future \
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