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BPS domain walls
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The domain wall interpolates 
between the two supersymmetric 
vacua

The orientation of the wall is 
perpendicular to the z-axis.

Static solution to the equations of motion 
that:
- saturates the BPS bound
- interpolates between two discrete
 supersymmetric vacua
- is invariant under half of the  
 supersymmetry transformations.
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BPS saturated domain walls correspond to straight trajectories in the complex 
W-plane.

BPS equation: dA

dz
= e

iα
W̄

′(Ā)

Tension: σ = 2 |∆W |

Topological current:

anti-symmetric, trivially conserved

The BPS domain wall tension is proportional to the topological charge density.

Generalized Wess Zumino 
model, one superfield:

Z
µ
Nαβ = −32iσ

µν
αβ∂νW̄

Z̄
µ

Nα̇β̇
= −32iσ̄

µν

α̇β̇
∂νW



Example:

Renormalizable model, one chiral superfield:

Lagrangian for scalar field, after eliminating auxiliary field through its 
equation of motion:

K = φ̄φ

W = m2φ −

1

3
λφ3

Two supersymmetric vacua:

A = ± m√
λ

Tension:

scalar potential V(A,Ā)
Lbos = ∂

µ
Ā∂µA −

∣
∣m

2
− λA

2
∣
∣
2

inverse domain wall width
A =

m
√

λ
tanh (mz)

Solutions to the BPS equation:

σ = 2 |∆W | =
8

3

m3

√
λ



Generalized Wess-Zumino model

The action is given by:

Γ =

∫
dV K(φ, φ̄) +

∫
dS W (φ) +

∫
dS̄ W̄ (φ̄)

Kähler potential

superpotential

chiral superfield

The (anti-)chiral superfields can be expanded in terms of their components:

φi = e−iθ/∂θ̄
[
Ai + θψi + θ2F i

]

φ̄ī = e+iθ/∂θ̄

[
Āī + θ̄ψ̄ī + θ̄2F̄ ī

]

flavor index

scalar

fermion

auxiliary field

Results for generic Kähler potential can be found in hep-th/0608095. In this 
talk results for canonical Kähler potential are provided.



Extended D=4, N=1 Susy Algebra

{Qα, Q̄α̇} = +2σµ
αα̇Pµ

[Mµν , Qα] = −
1

2
σµν β

α Qβ

[Mµν , Q̄α̇] = −
1

2
σ̄µν

α̇β̇
Q̄β̇

[R, Qα] = +Qα

[R, Q̄α̇] = −Q̄α̇

Supersymmetry Translations

Lorentz

R-transformation

{Qα, Qβ} = Zαβ

{Q̄α̇, Q̄β̇} = Z̄α̇β̇

Tensorial Central Charge



Construction of component currents

Noether's theorem yields the form of the conserved SUSY currents:

Calculating the SUSY variations of the SUSY Noether currents yields the 
expression for the currents associated with the tensorial central charges: 

δQ
α Qµ

Nβ + δQ
β Qµ

Nα = Zµ
Nαβ

δQ̄
α̇ Q̄µ

Nβ̇
+ δQ̄

β̇
Q̄µ

Nα̇ = Z̄µ

Nα̇β̇

Up to Euler Lagrange composite field equation corrections, which are taken 
to vanish on shell, the result is:

Z
µ
Nαβ = −32iσ

µν
αβ∂νW̄

Z̄
µ

Nα̇β̇
= −32iσ̄

µν

α̇β̇
∂νW

Qµ
Nα = 16

(
ψiσµσ̄λ∂λĀi

)
α
− 4iW̄i

(
σµψ̄i

)
α

Q̄µ
Nα̇ = 16

(
∂λAiσ̄λσµψ̄i

)
α̇

+ 4iWi

(
ψiσµ

)
α̇

indicates unmodified Noether current

Using the variations of the currents to find the central charge currents is 
equivalent to doing the current algebra with canonical quantization of the 
fields and their conjugate momentum and Noether currents.



Improved currents

A Belinfante improved SUSY current can be defined:

Qµ
α = Qµ

Nα + ∂ρG
ρµ
α

Q̄µ
α̇ = Q̄µ

Nα̇ + ∂ρḠ
ρµ
α̇

Improved tensorial central charge currents follow from the supersymmetry 
variations of the improved supersymmetry charges:

The constant   can be chosen so that the trace of the supersymmetry 
current is soft for a renormalizable model:

where

a = −i
32

3

a

anti-symmetric, trivially conserved

Zµ
αβ = −32iσµν

αβ∂ν

[
W̄ −

d

3
ĀīW̄,̄i

]

Z̄µ

α̇β̇
= −32iσ̄µν

α̇β̇
∂ν

[
W −

d

3
AiW,i

]δQ
α Qµ

β + δQ
β Qµ

α = Zµ
αβ

δQ̄
α̇ Q̄µ

β̇
+ δQ̄

β̇
Q̄µ

α̇ = Z̄µ

α̇β̇

improvements

scaling dimension of (anti) chiral superfield

Gρµ
α = a(ψiσρµ)αĀi

Ḡρµ
α̇ = āAi(σ̄ρµψ̄i)α̇



A symmetric energy-momentum tensor can be defined by means of the Belinfante 
improvement procedure:

Tµν

N
= 16[∂µA∂νĀ + ∂νA∂µĀ] − 4i[∂νψσµψ̄ − ψσµ∂νψ̄] − gµν

L

A further “new and improved” tensor with a soft trace can be obtained by adding 
yet another trivially conserved term:

T
µν

B
= T

µν

N
+ ∂ρG

ρµν

B

Tµν

B
= 16[∂µA∂νĀ + ∂νA∂µĀ] + 2i[ψσν

↔

∂µ ψ̄ + ψσµ
↔

∂ν ψ̄] − gµν
L − 2i[ψσµν

δΓ

δψ
+

δΓ

δψ̄
σ̄µνψ̄]

Gρµν

B
= −16εµνρσ(ψσσψ̄)

The Noether form of the energy momentum tensor is:

Tµν

I
= Tµν

B
+ ξ(gµν∂2

− ∂µ∂ν)(32AĀ) trace is soft for ξ =
1

6

The final form of the conserved, symmetric and soft trace energy-momentum 
tensor is obtained by once more modifying the current by subtracting composite 
Euler-Lagrange equations from the improved tensor. The results is:

Tµν = 16[∂µA∂νĀ + ∂νA∂µĀ] − gµν16∂ρA∂ρĀ +
1

3
(gµν∂2

− ∂µ∂ν)16(AĀ)

+gµν16FF̄ + 2i[ψσν
↔

∂
µ

ψ̄ + ψσµ
↔

∂
ν

ψ̄]



The Supercurrent
All improved component currents can be obtained from the  supercurrent. For the 
generalized Wess-Zumino model with canonical Kähler potential the supercurrent 
takes the form:

The improved component currents are embedded in the supercurrent as

V µ(x, θ, θ̄) = Rµ(x) + iθ

[
Qµ(x) −

1

3
Qρ(x)σρσ̄

µ

]
− iθ̄

[
Q̄µ(x) −

1

3
σ̄µσρQ̄ρ(x)

]

+
1

24
θ2σµνβ

α Z α
νβ (x) −

1

24
θ̄2σ̄µνα̇

β̇
Z̄ β̇

ν α̇(x)

+θσν θ̄

{
2

[
Tµν(x) −

1

3
gµνT ρ

ρ(x)

]
+

1

2
εµνρσ∂ρRσ(x)

}

+
1

2
θ2θ̄ [∂µσ̄ν

− iεµνρσσ̄ρ∂σ]

[
Qµ(x) −

1

3
Qρ(x)σρσ̄

µ

]

−

1

2
θ̄2θ [∂µσν

− iεµνρσσρ∂σ]

[
Q̄µ(x) −

1

3
σ̄µσρQ̄ρ(x)

]

+
1

4
θ2θ̄2

[
∂2gµν

− 2∂µ∂ν
]
Rν(x)

R-current supersymmetry current

energy momentum tensor

central charge current

Vαα̇ = −

8

3
DαφiD̄α̇φ̄ī

−

16

3
iφ̄ī/∂αα̇φi +

16

3
iφi/∂αα̇φ̄ī, V µ = σ̄α̇αVαα̇



Hence the extended super-Poincaré component currents can be obtained 
as derivatives of the supercurrent:

R̂µ = V µ = Rµ + · · ·

Q̂µ
α = −i [DαV µ

− (DV νσν σ̄µ)α] = Qµ
α + · · ·

ˆ̄Q
µ

α̇ = +i
[
D̄α̇V µ

− (σ̄µσνD̄Vν)α̇

]
= Q̄µ

α̇ + · · ·

Ẑµ
αβ = σµν

αβDDVν = +2i
[
σ̄µγ

α Dβ + σ̄µγ
β Dα

]
DγVγγ̇ = Zµ

αβ + · · ·

ˆ̄Z
µ

α̇β̇ = −σ̄µν

α̇β̇
D̄D̄Vν = −2i

[
D̄α̇σ̄µγ̇

β̇
+ D̄β̇σ̄µγ̇

α̇

]
D̄γ̇Vγγ̇ = Z̄µ

α̇β̇
+ · · ·

T̂µν = +
1

16

[
V µν + V νµ

− 2gµνV ρ
ρ

]
= Tµν + · · ·

higher  components of superfield

V
µν

≡ (Dσ
µ
D̄ − D̄σ̄

µ
D)V ν

In addition, the angular momentum tensor is constructed from the energy 
momentum tensor:

M̂
µνρ

= x
ρ
T̂

µν
− x

ν
T̂

µρ
= M

µνρ
+ · · ·

not a superfield

superfields



extended superconformal

superconformal

extended Susy Poincaré

Susy Poincaré

Pµ, Mµν , R

Qα, Q̄α̇

D, Kµ

Sα, S̄α̇

Zαβ , Z̄α̇β̇ Xαβ , X̄α̇β̇ , Yαα̇, Ȳαα̇

{Qα, Sβ} = +i
(
σµν

αβMµν + 2iεαβD − 3ρεαβR
)

{Q̄α̇, S̄β̇} = −i
(
σ̄µν

α̇β̇
Mµν − 2iεα̇β̇D − 3ρεα̇β̇R

) ρ = 1

ρ = −

1

3

superconformal

extended superconformal

Extended Superconformal Algebra
In the presence of a domain wall the superconformal algebra is modified to include 
additional tensorial central charges: {Sα, Sβ} = Xαβ

{S̄α̇, S̄β̇} = X̄α̇β̇

{Qα, S̄α̇} = Yαα̇ = +2σµ

αα̇
Yµ

{Sα, Q̄α̇} = Ȳαα̇ = +2σµ

αα̇
Ȳµ



Construction of component currents

The superconformal currents are found via Noether's theorem using the 
superconformal transformations. The result is:

Sµ
Nα = −/xαα̇ Q̄µα̇

N + 2sµ
α

S̄
µ
Nα̇ = −Q

µα
N /xαα̇ + 2s̄

µ
α̇

with

scale weight of (anti) chiral field

Just as the supersymmetry currents, the superconformal currents can
also be Belinfante improved:

S
µ
α = S

µ
Nα + ∂ρ[/x

α̇
α Ḡ

ρµ
α̇ ]

S̄
µ
α̇ = S̄

µ
Nα̇ + ∂ρ[/̄x

α

α̇ G
ρµ
α ]

with

With the choice , the improved superconformal currents are just the 
space-time moments of the supersymmetry currents:

Sµ

α = −/xαα̇Q̄µα̇

S̄
µ

α̇
= −Qµα/xαα̇

sµ
α = −16dAi(σ̄µψ̄i)α

s̄µ
α̇ = −16d(ψiσµ)Āi

α

Gρµ
α = a(ψiσρµ)αĀi

Ḡρµ
α̇ = āAi(σ̄ρµψ̄i)α̇

a = −i
32

3



Applying the SUSY and superconformal variations to these improved currents, 
the improved conformal central charge currents are obtained:

δQ
α S̄µ

α̇ + δS̄
α̇Qµ

α = Y µ
αα̇

δQ̄
α̇ Sµ

α + δS
αQ̄µ

α̇ = Ȳ µ
αα̇

The improved conformal central charge currents are just the space-time 
moments of the central charge currents: 

δ
S
αS

µ
β + δ

S
β S

µ
α = X

µ
αβ

δ
S̄
α̇ S̄

µ

β̇
+ δ

S̄
β̇
S̄

µ
α̇ = X̄

µ

α̇β̇

Y
µ

αα̇
= (/̄xZ

µ)α̇α

Ȳ
µ

αα̇
= (/xZ̄

µ)αα̇

X
µ
αβ = −(/xZ̄

µ/̄x)αβ

X̄
µ

α̇β̇
= −(/̄xZ

µ/x)α̇β̇

Therefore, all improved component currents are determined by the 
supercurrent.



Renormalization

Renormalization of the supercurrent controls radiative corrections to all 
superconformal charges and current conservation equations

Conjectured results:

Sren. = −2[W −

1

3

∑

i

(1 + γi)φ
iW,i ]

S̄ren. = −2[W̄ −

1

3

∑

i

(1 + γi)φ̄
iW̄ ,i ]

anomalous dimension
with:

D
α
V

ren.

αα̇
= −2D̄α̇S̄ren.

D̄
α̇
V

ren.

αα̇
= −2DαSren.

The topological central charge density is not renormalized. Consider a domain 
wall in the simple Wess-Zumino model perpendicular to the z direction:

Zαβ = 16iσ
µν
αβ∂ν S̄

vanishes in supersymmetric vacua

domain wall tension

current

charge 
density

ζ = Z11 =
1

16

∫
∞

−∞

dzZ0
11

= 2
[
W̄

∣∣
z=−∞

− W̄
∣∣
z=+∞

]
−

2

3
(1 + γ)

[
φ̄W̄ ′

∣∣
z=+∞

− φ̄W̄ ′
∣∣
z=−∞

]
=

8

3

m2

√
λ



However, the second space-time moment conformal central charge density 
receives anomalous dimension radiative corrections:

X
µ
αβ = −16i [/xσ̄

µν /̄x]αβ ∂νS
ren.

Xαβ =
1

16

∫ +∞

−∞

dzX0
αβ = −σ3

αβ

[
(t2 + x2 + y2)ζ −

∫ +∞

−∞

dzz2∂zS
ren.

]

depends on anomalous dimension

current

charge density

Likewise, the first space-time moment conformal central charge density 
receives no radiative corrections:

Y
µ

αα̇
= 16i

[
/̄xσ

µν
∂ν S̄

ren.
]

Yαα̇ =
1

16

∫ +∞

−∞

dzY 0
αα̇

= −σ3
αα̇

tζ

current

charge density

independent of anomalous dimension



Conclusions

The presence of a domain wall requires a tensorial central charge extension
of the superconformal algebra.

The superconformal current and the superconformal tensorial central charge
currents are obtained as space-time moments of the supersymmetry current
and the SUSY tensorial central charge current.

The supercurrent contains the R-symmetry current, the supersymmetry current, 
the tensorial central charge current, and the energy momentum tensor as its 
components.

All tensorial central charge extended superconformal currents are constructed 
from the supercurrent.  

The SUSY tensorial central charge remains uncorrected, but one of the 
conformal tensorial central charges receives radiative corrections.


