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The flavor space of particles produced in collider environments contains informative quantum
correlations. We present a systematic approach for constructing the complete flavor density matrix
for a meson and antimeson system (M M) in the Bloch vector space at a given time ¢, which can be
at or after production. We point out that the B? and K° systems are superior to the BS and D°
systems for quantum tomography because of their flavor oscillation and decay properties. Perform-
ing quantum tomography for the MM system can facilitate the study of production mechanisms,
decoherence phenomena, quantum information variables, and potential new sources of CP violation.

Introduction

Ever since the original quantum mechanical formula-
tion of K°K° mixing [1], systems of a neutral meson M
and its antimeson M (M M) have demonstrated many as-
pects of fundamental physics, such as the superposition
of quantum states and the uncertainty principle. These
systems also probe physics at an energy scale much above
the neutral meson masses through quantum loop effects.
They have provided us with enriched laboratories that
advance our understanding of quark masses, their flavor
mixing, CP violation, as well as constraining new physics
beyond the Standard Model (SM) [2].

Due to the mixing between a meson and an antimeson,
a meson state may be intrinsically treated as a qubit in
flavor space. Pairs of oscillating mesons correspond to
two-qubit systems that have been studied for various dif-
ferent mesons [3-17]. Attempts to observe entanglement
and Bell nonlocality have been made, including in the
K°KY system from resonant ¢ decay [3-5], and in the
BYBY system from the decay of the Y (45) particle [6, 7].
In these cases, the initial state has the definitive quantum
numbers JP¢ = 17—, which means that the flavor state
of the meson pair is a maximally entangled state as dic-
tated by symmetry. The existing results, however, focus
mostly on comparing quantum and classical predictions
and have limited use for quantum information.

In this work, we show how to reconstruct the most
general two-particle flavor quantum state at an arbitrary
time after production. We focus on the semi-leptonic de-
cay channels in both the BYBY and K°K° systems, using
the total semi-leptonic decay rate and the flavor asymme-
try to form a complementary set of measurements of the
flavor state. Based on the intrinsic properties of flavor
oscillations and decays, we identify the optimal systems
as BY and K° for quantum tomography. Using the ob-
servables we derive, we show that it is possible to fully
measure the quantum properties of the flavor state of
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the meson pair, thus enabling quantum-state tomogra-
phy systematically in flavor space for the first time. This
work is largely orthogonal and complementary to the re-
cent work on spin quantum tomography [18-21].

When a heavy quark pair originates from open fla-
vor production at colliders, via the strong or electro-
magnetic interactions, the corresponding heavy hadrons
are initially in flavor eigenstates. In general, however,
the flavor correlation of the pair of hadronic states can-
not be determined from first principles because of the
non-perturbative hadronization process. Developing an
approach for quantum tomography in this system may
therefore provide an opportunity to study the underly-
ing hadronization mechanisms [22].

The demonstration of flavor quantum tomography not
only makes all quantum information measurements, such
as concurrence, quantum discord, and quantum entropies
available in the flavor sector, but also provides a crucial
reference for theoretical predictions of the flavor state
production from non-perturbative processes, as well as
potential observations of new sources of CP violation.

Flavor Quantum States and Time-Evolution

When a meson is neutral under gauge symmetries, the
meson state |M) mixes with the antimeson state |M).
Examples of neutral mesons M include BY, BY, DY, DY,
and K°. In the flavor space spanned by |M) and |J\7[>7 a
single meson can be analyzed as a two-level quantum sys-
tem [1], known as a qubit, and described with a density
matrix p,,. This matrix can be parameterized as

12 + biUz’
pu =g (1)

where 15 is the two-dimensional identity matrix and o;
(i = w,y,2) are the Pauli matrices, with repeated in-
dices summed over. The real vector b;, known as the
Bloch vector, specifies a quantum state in the Bloch vec-
tor space [23, 24].

With a common mass m and a common decay width I"
for the meson and antimeson, the non-Hermitian effective
Hamiltonian is

_,r
H=M—il/2 = (mH2f2 Hl?r) 7 (2)
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where Hi5 and Hsy; are complex parameters that char-
acterize meson-antimeson mixing. Diagonalizing Eq. (2)
yields the mass eigenstates |M;) and |Ms), along with
their masses and decay widths:

|My) = p|M) +q|M),
|My) = p|M) —q|M),

Wlth (ml, Fl), (3)
Wlth (mg, Fg), (4)

where |¢> + |p|*> = 1 and p/q = /Hi2/Ha:. In the
absence of CP violation p = ¢ = 1/y/2. We adopt the

J

1 7F1t/272’m1t 7F2t/27im2t
Ul(t) = 2 e , )
L(efrlt/2flm1t _ e*th/?*ZmQt)
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where U (t) is expressed in the flavor basis. The fraction
of remaining mesons at time ¢ is
N(t)
No

=tr(U()p,U®)"), (6)

where Ny is the number of mesons at ¢ = 0 and N(t) is
the number of mesons left at time t. The explicit form of
N(t) is given in Appendix A. For the rest of this work,
we take ¢ = 0 as the time of production, though one can
choose any starting point as ¢t = 0.

The time evolution of the quantum density matrix, in
the Schrédinger picture, is

U(t)p,U)!

D) = SO 007

(7)

The normalization of p,(t) leads to unitary evolution.

The Oscillation and Decay of Bloch Vectors

It is intuitive to analyze the state evolution in the
Bloch vector space [23, 24], because different components
of the quantum density matrix p,, are probed by the var-
ious decays of the neutral meson, as we formulate ex-
plicitly below. The time evolution of the Bloch vector
is [26, 28, 29]

%E’(t) = 2E x b(t)+ T —[T-b®)]bt), (8

where the vectors E and T are defined from the decom-
positions of the Hermitian matrices M and T" in Eq. (2)
as

M=Eyl,+E- & =Tyl +T-3 (9

In this paper, we work in the CP-conserving limit with

Am AT
Ho, :Hu:T-i-ZT» (10)

convention CP|M) = |M), implying that |M;) is a CP-
even eigenstate and |Ms) is CP-odd. In the Bloch vector
space, the flavor eigenstates [M) and |M) are described
by b = (0,0,41) while the mass eigenstates [M;) and
|Ms) are described by b = (£1,0,0).

Since the meson or antimeson can decay, as evidenced
by their non-zero widths, this is an open quantum sys-
tem that can be effectively described by non-unitary time
evolution U(t) [9, 25-27],

j=

(efFlt/inmlt _ 67F2t/27imgt)
(efFlt/inmlt +67F2t/27im2t) .
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where Am = mg — mq and AT' = I'y — I'y. Therefore,
both vectors E = (Am/2,0,0) and T' = (—AT/2,0,0)
point along the & direction.

Collapse to Flavor Eigenstates — Consider a multi-
particle final state |f) with CP|f) = ’f> and |f) # ‘f)
In the CP-conserving limit, the meson M only decays to
f while the antimeson M only decays to f. The semi-
leptonic decays of neutral mesons are examples of such
decays. The observation of such decays identifies the fla-
vor of the neutral meson as |[M) or |M). The probabil-
ities of collapsing the meson state to flavor eigenstates
are

14b.(t)

1- bz(t)
5 _—.

<M‘p\1(t)|M> = ) <M|p\1(t)‘M> = D)

Let Ny, 7(t) be the number of f/f final states produced
in decays from ¢ = 0 until time ¢. The rate of change is

d 1+0,(¢)

V78 = NO—Tars, (11)

where I'ps_, ¢ is the partial width of M decaying to f and
FMﬁf = FMaf'

In practice, we propose to measure the decay asym-
metry Ny(t) — N(t), which directly corresponds to the

expectation value of o, with Tr(o.-p, (t)) = b.(t),

d(Ny(t) — N¢(t))
dt

= N(t)b.()Tar— s,
= Noe (b — bys)Tar s (12)

where ¢; = cos(Amt), s; = sin(Amt), and b; = b;(0)
are the components of the Bloch vector at ¢ = 0. The
decay asymmetry probes both b, and b, as they evolve
into each other according to Eq. (8), which describes pre-
cession around the x direction in the limit of Am > T.
Therefore, when decays occur at different times, this al-
lows us to measure different directions in the y — z plane
of the Bloch vector space.



In the Heisenberg picture, the Bloch vector 5(0) does
not rotate. Instead, the asymmetry operator o, oscillates
with o,. Measuring decays at different times probes the
operator at different times and maps out the y and z
components of the Bloch vector at t = 0.

Collapse to CP eigenstates — The neutral mesons can
also decay to CP eigenstates with |f,.,.) = CP|fy..) =
nep | foop), where nep = +1 is the CP eigenvalue of
the final state |f,.,). The decays of BY — J/¢n and
K9 — 771~ are such examples. Instead of collapsing
the meson state to [M) or |M), the decay to |f;.,) col-
lapses the meson state to the CP eigenstates (or mass
eigenstates) |M7) or |Ms), whose Bloch vectors are along
the z direction.! Such decays allow the reconstruction of
b

Due to the uneven decay rates of the CP-odd and CP-
even states, there is no simple asymmetric observable di-
rectly corresponding to (o,) as in Eq. (12). However,
the decay can still be viewed as a projection to |M7) and
|M2> With2

1+ b,(t) 1—b.(t)
(Mi|p, () [M1) = —Z==, (M| p, (1) M) = ——,
and one can reconstruct b, from such decay. The decay
rate to fi of a meson at time ¢ is

14 0,(t)

9 FM1—>f-¢— = (1+br(t))FM—>f+’

Pry—pe =

where T'pr,p, = 20w, p, is because |M) = (|My) +
|M5))/+/2 and only |M;) decays to f,. Therefore, the
x component of the Bloch vector can be reconstructed
from the decay to CP eigenstates. Furthermore, the de-
cay to CP eigenstates results in a decay width difference
Al =T'; — T’y and lifetime difference, leading to the b,
dependence in the decay rate to the total flavor eigen-
states, both f and f, as a function of time

d(Ny(t) + Nj(t))
dt

=Nty
= Noe V(chy — byshy)Tas g, (13)

where ch; = cosh(AT't/2) and sh; = sinh(AT'¢/2). Thus,
one can fully reconstruct b, , . by only measuring the

1 When CP is not conserved the eigenstates of CP and of mass no
longer coincide.

M — f/f decay channels and comparing these observ-
ables with Egs. (12) and (13).

To summarize, the components of the Bloch vector
in the y — z plane are probed by the flavor asymmetry
Ny — Np via oscillations in Eq. (12), and the Bloch vec-
tor in the z direction is measured from Ny + Ny via total
decay rates in Eq. (13). By fitting the distributions of
Ny &+ Ny with respect to decay time, the complete flavor
density matrix for a single meson is reconstructed.

Generalization to Meson Pairs — The quantum state
of a two-meson system, with the two subsystems denoted
as A and B, respectively, can be expressed by the density
matrix

14 + b;ﬁl(fZ ® 15 + blglg ®o; + Cijdi & 0j

Prrt = 4 ’ (14)

where b* and b¥ describe the flavor state of mesons .4 and
B, respectively, and Cj; is the flavor correlation matrix
between the two mesons. Repeated indices are summed
over. Collectively, these are also called the Fano coeffi-
cients [30].

Similarly to the single meson case, for a meson pair as
a two-qubit system, their Bloch vectors b and b? and
their correlation matrix C;; are obtained by measuring
the flavor asymmetry and the total decay rate to a flavor
eigenstate, for each meson. This leads us to define the
following four observables

Neot = Nyg+ Ny + Ngp+ Nip,
App = Nyss— Njp — Nyj+ Nyy,
A _ _ __
A7 = Ngg — Njy+ Ny — Nij,

(
(
(
B __ _ _ __
Af = Ngg+ Njp— Ngg— Nij, (

18)

where Ny, ¢, is the number of events in which meson A
decays to fi and meson B decays to fo. All quantities
above depend on the times t; and t,.

Niot is the total number of events from semi-leptonic
decays, Af; is the asymmetry between like and unlike

decays, and AMB s the decay flavor asymmetry of one
meson under the condition that the other meson also de-
cays to a flavor eigenstate. The distributions of the four
observables have the following dependence on the flavor
density matrix of the meson pair (see Appendix B for
details),

2 Here we assumed (M|f+) = (M|fy) for illustration while our
result Eq. (13) does not rely on this.



(if\g;: = NoI'%, _, pe " (F2) (chy, chy, — chy,she, byt — shy, chy, b5 + Cupshy, shy, ) + O(e) (19)
jjfj?; = NoT', s e~ T(ti+t2) (st:86, Cyy — €1,54,Cay — 81, ¢4, Cyz 4 €1,¢4,Cz) + Oe) (20)
i‘gi = NoI'%,_, e " 0F2) (chy, (cy b2 — 54, b7') — shy, (cr, Cag — 81, Cya)) + O(e) (21)
j;ﬁi = NoI'%,_, e 0F2) (chy, (cg, b5 — 84,05) — shy, (e, Coz — 81,Cay)) + O(€) (22)

where N is the total number of MM events, t; and to
are the decay times of the first and second meson, and
only the semi-leptonic decay channel is considered. Here,
e is the CP violation parameter in the MM mixing de-
fined by p/qg = (1+¢€)/(1—¢€). For BY, ¢ ~ O(107°),
and for K, e ~ O(1073). This justifies our analysis as a
good approximation by ignoring the CP-violation effects.
Another source of CP violation, the difference between
the decay amplitudes of M and M when decaying to CP
eigenstates [31, 32|, is irrelevant to the four observables
above. By measuring the four distributions, we recon-
struct all the Fano coefficients 5’47 b3 , and Cj;. Devia-
tions from the predictions made by the density matrix
parametrization may indicate the presence of decoher-
ence phenomena [4, 5, 27].

Simulations and Experimental Feasibility

From an observational perspective, a MM system
needs to have a sizable value of Am/I’ and AT'/T, ide-
ally of order unity or larger. This corresponds to rapid
oscillations and an appropriate decay lifetime difference.

As shown in Table III, BY system is such a system
with (Am/T', AT'/T')go = (27, 0.14). The BY system,
with (Am/T', AT'/T)go = (0.77, 0.004), does have a
suitable oscillation time, but the decay lifetime differ-
ence is too small to be appreciable. Therefore, in this
system, the (2 x 2),. subset of the correlation matrix can
be measured which is sufficient to measure the Bell non-
locality [6, 7], but full tomography cannot be performed
because the small lifetime difference does not allow a us-
able measurement of b,. The D° system has small values
of both Am/I" and AT'/T" which makes quantum tomog-
raphy much more challenging. For the K° system both
quantities are sizable, (Am/T", AT/T)go = (0.95, 1.99).
We therefore adopt the BY and K systems to quantita-
tively demonstrate the procedure of quantum tomogra-
phy.

We choose two examples of density matrices for con-
creteness. The first is pgey, parametrized as

bA=bF =0 and Cy; =0, (23)

which corresponds to the CP-odd flavor state (‘M M) —
|MM))/v/2. The second is the Werner state p, [33] given

by

po = (1= K)ppan + =2, (24)
where 14/4 is a maximally mixed state and we use kK =
0.2.

The samples are distributed in the two-dimensional
space (t1,t2) where t; and ¢ are the decay times of the
first and second mesons, respectively. For each of the two
states ppen and p,, we consider the binned distribution
of Niot from 107 semi-leptonically-decaying events. From
this we extract Ny, b2, b5, and C,, with Eq. (19). The
extracted value of Ny is then used when fitting to Ay,
A;ﬁl and A? in Egs. (20)—(22), to measure the coeffi-

cients b, b2, and C;;. The central value and statistical
uncertainty of fitted results are estimated from the mean
and the standard deviation of 40 pseudo-experiments.

The BY meson pair events are generated with 0 <
t1,to < 3.5 ps, within the first 10 periods of oscillation
and about twice the mean lifetime. The oscillatory time
evolution versus t; is shown in Fig. 1(a), integrated over
a range of to for the ppey initial state. We adopt a simi-
lar bin width as Ref. [34] with each period divided into 6
bins, leading to 60 x 60 bins in the ¢t; — to plane. We find
that the density matrix can be effectively reconstructed
in our formalism, as shown in Table I. The measurement
precision of the Cy, entry of the flavor correlation matrix
is much lower than the other coefficients, because the BY
mesons have relatively small AT'/T" and the sensitivity of
Cy. 1s suppressed by two factors of sinh(AT't/2).

The analysis for K meson pairs is similar. We gen-
erate events with 0 < ¢1,f2 < 0.59 ns, within the first
half-period of the damped oscillation and 6.7 times the
lifetime of Kg, as shown in Fig. 1(b). We divide the half-
period into 20 bins, similar to Ref. [35], which yields a
total 20 x 20 bins. Although K° and K° cannot com-
pletely evolve into each other before the quick Kg decay,
the oscillation of about a quarter-period is still sufficient
to construct b, and b,. With nearly maximal AI'/T", the
sensitivity of C,, coefficient is not suppressed in the K°
system and can be reconstructed equally well as the other
coefficients. Collecting events with decays extending to
several times the Kg lifetime is enough to perform quan-
tum tomography, although studying the K events at
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FIG. 1. Monte Carlo and fitted distribution of Ajys(t1,t2)

for BYBY? and K°KP°, in the direction of ¢; with ¢, interval
specified in the figure. The labels of the upper axes are the
time in units of the decay lifetime of B and K32.

later times is also fruitful in exploring quantum phenom-
ena [4, 5].

Results are shown in Table I with 107 events. In prac-
tice, approximately 7 x 105 BYBY pairs have been pro-
duced at Belle [36, 37], and around 3 x 10® are expected
to be produced at Belle 1T [38], mostly in pure Bell states
from the decay of the T(55).

At LHCb, a pair of B? mesons can be produced from
the hadronization of bb, which has a cross section of

o(bbX) = 0.56 mb [39], and a fraction of around 1.4% [40]
goes to a pair of BY mesons. With the Run 2 lumi-
nosity of 5.7 fb~ there are 8 x 1019 B2BY%s produced.
The fraction of both B%’s decaying semi-leptonically is
Br(B? — (Tv,X)? = 3.7%, which potentially yields as
many events as our sample simulation. The reconstruc-
tion of a pair of b-hadrons has been discussed in Ref. [41],
and we expect a similar efficiency. Due to the compli-
cated nature of production and hadronization in hadronic
collisions, it is unclear to what extent a BY meson pair
would be flavor-entangled, which will be an interesting
subject to explore theoretically and experimentally.

KY is typically pair produced from ¢ meson decay.
Around 8 x 10° K9K° pairs have been produced at
KLOE and KLOE-2 [42], and a fraction of 1.1% de-
cays in 0 < t < w/Am, among which a fraction of
BR(K2 — 75¢F1,)BR(KY — 750Fy) = 8 x 1074 de-
cays to leptons on both side.

BIB? fitted K°KO fitted

pBent (pr) pBen (pr) Obs.
b2 | 0£0.020 (0£0.017) 0+0.0015 (0+0.0018) |
b8 | 040.019 (00.016) 0£0.0017 (00.0018) o
byt | 040.0009 (040.0010) 0-£0.0019 (00.0021) A
b2 | 0£0.0010 (020.0009) 0£0.0014 (00.0016) !
b5 | 0+£0.0010 (0+£0.0008) 0£0.0020 (0+0.0023) B
b5 | 040.0009 (0+0.0008) 0£0.0015 (0£0.0016) !
Cra| —1£0.36 (—0.840.29) |—140.0031 (—0.840.0032) | Niot
Cyz| 0£0.016 (040.018) 0£0.0023 (00.0026) A
C.e| 0£0.018 (0£0.017) 0£0.0017 (00.0019) !
Coy| 0£0.017 (04£0.015) 0£0.0025 (0+0.0029) B
Cu=| 040.016 (040.016) 0£0.0018 (00.0020) !
Cyy |[~12£0.0011 (—0.8:0.0010) |—10.0027 (—0.840.0023)
Cyz| 0£0.0007 (0£0.0008) 0£0.0022 (00.0020) A
Cy| 0£0.0008 (0£0.0008) 0£0.0021 (0£0.0017)
C.. |-1£0.0011 (—0.840.0009) |—140.0010 (—0.840.0011)

TABLE I. The central values and statistical uncertainties of
the Fano coefficients in the BYBY system and in the K°K°
system, using the initial states pgen and p, with x = 0.2.
Each system uses 107 events and 40 pseudo-experiments. The
statistical uncertainties scale as 1/v/N.

Applications to Quantum Information

Having performed quantum tomography for the MM
system, we are in a position to study any quantum infor-
mation observable of the system. We list the definitions
of some example quantities in Appendix C.

Concurrence is a measure of the entanglement of a sys-
tem which measures how much the two subsystems are
not separable [43]. The Bell variable is a normalized mea-
surement of Bell inequality where a positive value signi-
fies that a local hidden variable model cannot imitate
this result [44]. Quantum discord is a weaker correlation
than entanglement [45, 46]. A non-zero value of discord
indicates that the system is not invariant under mea-
surements, which is one of the prime features of quan-
tum systems. A positive value of steerability indicates
that the system cannot be described by a local hidden
state model. Conditional entropy quantifies the number
of bits needed for subsystem A to reconstruct subsys-
tem B. Classically, this is restricted to non-negative val-
ues, but quantum mechanically negative values are pos-
sible [47]. The second stabilizer Rényi entropy (SSRE)
is a measure of the magic of a quantum system which
quantifies the computation advantage this system would
have over a classical computer [48].

These quantities are listed in Table II for p, with
k = 0.2. All quantities can be measured to a high pre-
cision. For quantities that require the full density ma-
trix for their calculation, their precision is limited by the



largest uncertainty in Table I. Some quantities, however,
only require a subset of the Fano coefficients, like Bell
nonlocality, in which case it can often be measured to
higher precision.

BOBY K°K®°
Concurrence 0.69+0.14 0.702+£0.0024
Bell Variable 0.1854+0.0014 | 0.188+£0.003
Quantum Discord 0.58+0.10 0.617+0.0023
Steerability Variable 0.48+0.07 0.482240.0015
Conditional Entropy| —0.15£0.29 |—0.157+0.005
SSRE 0.38+0.15 0.388 £0.003

TABLE II. Reconstructed quantum information quantities for
pr with kK = 0.2.

Conclusion and Outlook

The flavor space of particles produced in collider envi-
ronments provides quantum information as rich as that
of the spin space. Expressing the flavor density matrix
for a neutral meson M by the Pauli matrices in the Bloch
vector space, we constructed the flavor correlation matri-
ces for the MM system at a given time ¢. The crucial
observations are that different components in flavor space
are related to different physical observables. Defining the
flavor eigenstates along the z-direction, the y and z com-
ponents are measured from the oscillation of the flavor
asymmetry, with a sensitivity related to the mass differ-
ence Am. The x components are measured from the time
dependence of the total semi-leptonic decay rate, with a
sensitivity related to the decay lifetime difference AT'.

Our analysis provides a systematic way to construct
the complete flavor density matrix for a M M system, and
study its production mechanisms, decoherence phenom-
ena, and quantum properties. From the observational
point of view, meson systems with suitable Am/T" and
AT /T are required. We observed that the B? and K sys-
tems are superior to the BS and DY systems due to their
favorable oscillation and decay properties. Through nu-
merical simulations, we demonstrated that the full den-
sity matrices can be precisely reconstructed, as shown
in Fig. 1 and Table I. Through the procedure of quan-
tum tomography, one can construct any quantum infor-
mation variable, such as concurrence, quantum discord,
steerability, and magic, as shown in Table II.

A few final remarks are in order. First, as pointed out
in Refs. [49-51], testing the nonlocality with the meson
pair as an open system is not in a rigorous EPR sense.
Instead, the goal of this work is to reconstruct the com-
plete flavor density matrix of the meson pairs at a given
time t at or after they are produced, and study their
quantum information. Second, although the overall ef-
fects are rather small, the CP-violating interactions in the
mixing would change the precession feature in the state
evolution, and therefore introduce additional modulation
in the observables. The flavor asymmetry observables
would involve all of the 3 x 3 elements of the flavor cor-

relation matrix instead of only the y and z components.
Precision tomography could thus be sensitive to new CP
violating sources. Thirdly, for meson pairs from quark
hadronization, there is no first-principles calculation of
the flavor state. Our formalism assumes the most general
MM quantum state to begin with as in Eq. (14). This
provides a new avenue to explore hadronization mecha-
nisms in terms of quantum correlations, both theoreti-
cally and experimentally.

Overall, we demonstrated that performing quantum
tomography for the MM system can facilitate the
study of production mechanisms, decoherence phenom-
ena, quantum information variables, and potential new
sources of CP violation.
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Appendix A: The Time Evolution of Single Meson

Consider the density matrix p,, for a single meson at time ¢ = 0. The time evolution of the density matrix is given
by p,(t)

_ UWp,U@)T
P, (t) = W (A1)

The Pauli decomposition of the density matrix parametrizes the quantum state in terms of the Bloch vector b;(t)

o 12 + bl(t)O'Z

P, (t) = 5 (A2)
Inverting this equation, one can write the Bloch vector as
tr(o;U(t)p, U(t)T)
Using the definition of U(t) from Eq. (5) and taking p = ¢ = 1/4/2, the explicit from of the Bloch vector is
b Cht — Sht b Ct + szt bZCt —b St
be(t) = ———" = b, (t) = 222 b(t) = ——2—, A4
3:( ) Cht — bg;Sht, y( ) Cht — bISht, Z( ) Cht — bISht ( )

where s; = sin(Am¢t;), ¢; = cos(Amt;), sh; = sinh(ATt;/2), ch; = cosh(AT't;/2), and b; = b;(0) is component of the
Bloch vector at t = 0. Note that they are normalized by the fraction of the total number of mesons at time ¢, which
is given by

N(t)

N U®)") = chy — byshy (A5)

=tr(U(t)p

M

Next we calculate the number distribution of a certain meson state. The ratio of the number of mesons of state
|X) at time ¢ over the total number of mesons at ¢ = 0 is

Nx (1)
No

— (X|U()p, UM |X) = tr(ILx - UR)p, U()). (A6)

where IIx = |X)(X] is the projection operator. For flavor eigenstate X = M, I, = {(1) 8}, for the other flavor

eigenstate X = M, II;; = {8 ﬂ Therefore, we can construct the flavor asymmetry and total number as

Nar®) = Nall) _ s (113, -~ 110) - U, U (1)) = t2(o - U0, U)) (A7
0

M0 3 Nall) _ (113, + W) - U0, U0 ) = (2 - U@, U ) (A8
0

The number distribution of the decayed product f and f can be obtained through the definition of decay rate
dNy(r

3 ) = s s Ny (2) (A9)

where we have used the relation that in the CP conserving case I'yyy = 'y, 7. Combining Eqgs. (A7)—(A9) we find
Egs. (12) and (13).

Appendix B: The Time Evolution of a Pair of Mesons

Defining the unnormalized density matrix for a pair of mesons at time (t1,%2) as

R (t17t2) = U(t1> ® U(tQ)pMM UT(tl) ® UT(t2)7 (Bl)

MM



BY BY DY K°
T'/ps 1|0.662] 0.658 244 559 x 1077
Am/T [26.8| 0.769 [4.6x 10 ? 0.95
AT/T [0.135[4.0 x 10~ %] 0.012 1.99

TABLE III. Oscillation and decay parameters for neutral mesons [2, 52, 53].

we can write down the meson numbers similar to Eq. (A7) - (AS)

N + NMMJ;T"ONMM + Noasr _ tr( R, (t1,t2 ) (B2)
Num _NMM];ONMM+NMM :tr<02®0z ‘R, t1,t2) (B3)
Nam *NMM;()NMM — Nuw :tr((jz@) 1)-R,, t17t2> (B4)
N + NMM];ONMM — N _ tr( (1®a0.)- W(t1,t2)>~ (B5)
To connect to the number distribution of decay products, we again use the definition of decay rate
(izl\gé = D3/ Naaur (t1, 2). (B6)

Explicitly writing down R, (t1,t2) using the time evolution operator in Eq. (5) and the expansion of p,, in Eq. (14)
and calculating the trace, we find the results in Eq. (19) - (22).

Appendix C: Quantum Observables
For a two-qubit system, the concurrence C [54] is given by
C= max((),)\l - AQ — )\3 - )\4), (Cl)

where \; (1 =1,2,3,4) are the eigenvalues, sorted by decreasing magnitude, of the matrix

Ry = \/Vppv/p, p=(02®02)p"(02 @ 02). (C2)

0 < C < 1 indicates an entangled state while C = 0 indicates a separable state. For a separable state, the two
subsystems can be fully described independently, but this is not possible for an entangled state.

Bell’s inequality is obeyed by all classical theories, including those with local hidden variables [44]. For two qubits,
the inequality is given by the CHSH inequality [55]. A state that obeys the CHSH inequality is called Bell local while
a state that does not is called Bell nonlocal. The linear approximation to the inequality is measured by the Bell
variable B [21]

B=|Cyy+C..| — V2. (C3)

With this normalization, —v/2 < B < 0 indicates a Bell local state and 0 < B < 2—+/2 indicates a Bell nonlocal state.

Quantum discord D is the difference between the total mutual information and the classical mutual information.
The latter requires an extremization over all possible directions, however, for states where only the correlation matrix
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FIG. 2. Representative quantum information quantities versus the parameter x for Werner states.

is non-zero, there is a closed form [56, 57]

D:1+3(1—sz—0m Cyy)log, e ny)

+ i( — C.z + Cag + Cyy) log, (1 s +4CM . ny)

+ i(l + C.. — Caz + Cyy) log, (1 + Ce —4Cm . ny)

. i( G oo, (1 +C.. +4Cm - ny>
%(1 + \)log, (1—;)\> - %(1 — \)log, (1;)\) 5 (C4)

where A = max{|Cys|,|Cyyl,|C2|}. A discord of D = 0 indicates a classical state while a discord of 0 < D < 1
indicates the presence of quantum correlations.

Bell nonlocality is a relatively strict condition that forbids states with local hidden variable descriptions. A weaker
condition is called steerability which forbids states with a description where one subsystem can be described by a
local hidden variable theory and the other subsystem can be a quantum theory. The steerability variable S is given
by [58]

I /dn\/ﬁTCTCﬁ 1 (C5)
™

272

where C is the correlation matrix. When S > 0 the state is steerable.
The Von Neumann entropy of a quantum state is defined as

S(p) = —tr(plogy p). (C6)

The conditional entropy [57, 59] is further defined as

S(palps) = S(pas) — S(ps), (C7)

where p4p is the total quantum state of system A and B, and pg is the reduced density matrix by performing the
partial trace over the subsystem A, pg = tr, pas.
The second stabilizer Rényi entropy (SSRE) is given by [48]

L+ 25,00 +
L+ 35077 +

j(bf)4 + ZZ] ci
SR, O

Ms(p) = —log, g
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Br(M — focp) Br(M — f)
By — J/¢¥Ks| (89140.21) x 107* By — £Tv,X~| (20.66 +0.56)%
BY = J/ym | (3.940.7)x107* |BY — £Tv, X~ (19.2+1.6)%

Ky —natn™ (69.20 £ 0.05)%

K? - 777~ |(1.967 £0.010) x 1073

K¢ — 70T, [(1.174 £0.01) x 1073
K9 - 7t 0Ty, | (67.59+0.13)%

TABLE IV. B® and K° decay branching fractions adopted in the analyses [2].

Appendix D: Simulations and Experimental Feasibility

To estimate the sensitivity, we first list the branching ratio of the useful channels in Table IV.
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