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Motivation

e Quantum Mechanics is one of the cornerstones of modern physics
e Colliders now enable us to explore QM at the highest laboratory energies

e Quantum Information leverages quantum properties of systems for computation and
information processing

e Quantum discord is a weaker correlation than entanglement that distinguishes
classical and quantum systems

e May be useful for quantum state merging, quantum metrology, and
identifying systems with quantum advantages
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Quantum Mechanics

e Single qubit |¢> describes two-level state

D e (1) ]0)

e Generally have a superposition
¥) =al0) +p|1) o

e Observables represented by operators A

e Measurement ofA givenby (@ = <¢|A|w>



Quantum Mechanics

) = (é)

e Measure spin along the z-axis O—Z

(Wloz|Y) =1

e Measure spin along the x-axis O'x

(Wloz|y) =0

e [Examples:

(Wloz|Y) =0

(Wloz|y) = —1



Quantum Mechanics

e Two qubits occupy the tensor space Hl ® HZ

e Possible states are
0)@1[0) [0)®[1) [1)@]|0)
e Here's a separable state

9) = 2 (100) +]01) + 10) +11))

) = [11) @ [th9)  Ju) = ) =¢i§<|o> 1)

e Here's an entangled state

1
V) = E(|00> +11))




Quantum Mechanics

e Consider measuring both spins at the same time
E(oz,0y) = (Yloz ® oy|¥)

e Bell (1964) and Clauser, Horne, Shimony, Holt (1969) suggested an experiment of 4
configurations

|E(ay, by)—E(ay, by)+E(ag, by)+E(az, by)| <2

e All theories of local realism obey the inequality 7) zfam /@ /@ [ﬁ\ l@g

Ve ,‘- -\

«
P

e Locality = at detection, qubits are not interacting T ,_, . 7 lia % \
, A ({4 / %é
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® Realism = qubit observables have definite

;
/ ) (oA

values before and after measurement




Quantum Mechanics

Stefan Bladh Stefan Bladh
John F. Clauser Anton Zeilinger

The Nobel Prize in Physics 2022 was awarded
jointly to Alain Aspect, John F. Clauser and Anton
Zeilinger "for experiments with entangled photons,
establishing the violation of Bell inequalities and
pioneering quantum information science"



Quantum Mechanics

e For pure states, Bell’s inequality and entanglement distinguish the same states

e For mixed states, there are more entangled states than Bell nonlocal

p = Zpa|¢a> ® (Yal

pure

Quantum states

Bell nonlocal

Entangled

Zpazl
a

qubit: 2x2 matrix

two qubits: 4x4 matrix

mixed

Quantum states

£ Bell nonlocal

[
: /
\ -_~

Entangled
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Quantum Mechanics

e For one qubit, use Pauli decomposition
! I + g B
= — [0}
P 5|2 . a%a

e Qubit described by 3 parameters BCL

o Clear physical meaning: B, = <Ba> = tI‘(,OO'a)

e Spin along the a direction

e Measuring the entire quantum state is called quantum tomography

11



Quantum Mechanics

e For two qubits, use the Fano-Bloch decomposition

1 _
p=7 H4+ZB;—UZ'®H2+ZBJ'H2®Uj+zcij0i®0j)

e Two qubits described by:

B_|_ _ tr[p (O'Z R ]12)] : 3 parameters

() Polarization of qubit 1
- ) e 3 parameters
Bj - tr[’O (I[Q & 0:7 )] e Polarization of qubit 2

C’L] — tr[p (O.’L R 0.])] : 9 parameters

Spin correlations between qubits

12



Quantum Mechanics

e For two qubits, use the Fano-Bloch decomposition

1 _
p=7 H4+ZB;_OZ'®I[2+ZBJ-]IQ@OJ—I-ZCZ'jUZ'@Uj)

e Partial Trace reduces 2 qubit system to 1 qubit system (Reduced density matrix)

pA=1rppARB PB =1rApAB

pa=3" pa® lilpyli) pp =D (ilpald) ® py

i [/
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Tomography at Colliders

e Low energy photon experiment

y

‘ Alice ‘ - source

e At LHC, treat the spin of each particle as a qubit

t

collision
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Tomography at Colliders

Alice’s detector
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Afik, de Nova 2003.02280

Tomography at Colliders

e Full set of spin correlations reconstructs the quantum density matrix

e In the decay of a top, consider one particle — the spin analyzer — and take the
angle between its momentum and a reference axis (in the top rest frame)

1 T 1
= =—(1 B 0;
['cos 0; 2< + [ Bl cos ;)

JK, spin analyzing power g

Spin Analyzer Power t
lepton/down-quark | 1.00 <&— most correlated

neutrino/up-quark | -0.3¢ <€— least correlated 0 .
b-quark or W F0.40 I Z
soft-quark 0.50 /: !

optimal hadronic 0.64 Z
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https://arxiv.org/abs/2003.02280

Tomography at Colliders

e Choice of Basis

e Setof3 for the momentum measurement

e Equivalent to axes for spin measurement

Beam basis Helicity basis

beaml beaml1

beam?2

18



Tomography at Colliders

e Decay Method N
e Parametrize density matrix as ,O(Bz' 3 Bj 9 CZ])

Universal angular distributions

°
1 do 1
—— =1 B cosf
odcosfy, 2( T kab; cos A)
1 do 1
—— =1 B cosfp.;
odcosfp ; 2( + w5 Bj cos03,)
= i = 1(1-|—f<c kpCijcosfa;coslp ;) log|cosb,cosbp ;|
odcosfy;cosfp; 2 Sl 2 B.j) *08 g B.
e Exiract components of the density matrix
3(cosfy ; 3(cosfp.; 9(cos 04 ;cosOp ;
B+ — ( Aa >, BJ— — < BJ), Czj o < A,’L Ba]) .
KB RAKB

1 KA
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Cheng, Han, ML 2410.08303

Tomography at Colliders
e Kinematic method o)

e Parametrize density matrix as :0(97 6)
beam 9

e Process-specific components of the density matrix
(2 — 8?) sin? 0 0 /1 — 2sin (20)
0 —B3?sin? 6 0
/1 — [%sin (26) 0 B%+ (2 — B?) cos? 6§

1
2 — (2sin? 6

Cy =
tj

e From 0 and B distributions

2\ win2 , :
(2 — 3%)sin“ 0 _ (Entries that are predicted to be zero are
Cyp = { > Co =

often used in practice)

20


https://arxiv.org/abs/2410.08303
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Top-Antitop
e This talk will focus on t system

e Spin correlations in tt have been studied for many years

e In QCD ttis not polarized, but has spin correlations Barger, Ohnemus, Phillips 1989
e Spin correlations measurable from angles of Mahlon, Parke hep-ph/9512264
decay products Stelzer, Willenbrock hep-ph/9512292

e qq and gg have different correlations

ws-0 @ ®p-1 Q7 @ p-0 @y ®p-1  @f
a__, g a/g q/8 &, 8 8 8
= 0= = @ = = @ = @

2;> a7 ﬂ‘g G‘Q
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https://doi.org/10.1142/S0217751X89000297
https://arxiv.org/abs/hep-ph/9512264
https://arxiv.org/abs/hep-ph/9512292

Top-Antitop

2
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® qdstate paz = ap'") + (1 — a)psy), “To p
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Top-Antitop

_ X Y
gg state pgg = a1p") + agp!™) + a3pfni§ T a4p£ni>)<’
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entangled entangled
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Top-Antitop
e An enfangled quantum state is not separable 0 ?’é PAR PR

e Given asfate (), how do we fell if it's entangled or not?

e Compute its concurrence (

C=0 separable
0<C<1 entangled

e Given in terms of spin correlation coefficients (near threshold)

C=-C11 —Cyp—0C33—1

e Experimentally used version: the angle between the leptons ¥ entangled

ldo 1 1+C 1
;@—5(1—Dcosg0) D = 5 D < —g

25



Top-Antitop

e D was already measured (but over the entire phase space)

e Placing an upper cut revealed entanglement

Relation to concurrence

1
D:_LC
3

entangled

1
D<=
3

0.0

-0.2}

-1.0

Afik, de Nova 2003.02280

separable

entangled

— LO Analytical

- - MadGraph +MadSpin

400

500

600 700

Mtz[GeV]

800 900

1000
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https://arxiv.org/abs/2003.02280

Top-Antitop

ATLAS 2311.07288

CMS 2406.03976

o Already by both ATLAS and CMS
o1l ATLAS Son
/'s=13TeV, 140 fb’
-0.2
- [ |
)
o e
3 -03t
© [EEcEssEEcasssseeEe ]
2
g
041 ] —.— Limit (Powheg + Herwig7) |
---- Limit (Powheg + Pythia8)
o B Theory Uncertainty
-0.5 @ Data
é @ Powheg + Pythia8 (hvq)
B Powheg + Herwig7 (hvq)
06 340 < my < 380 380 < my < 500 mg > 500

Particle-level Invariant Mass Range [GeV]

CMS Preliminary 35.9 fb=1 (13 TeV)
BTN T T AR T T "
— Entanglement Threshold
+e4 Data
r&+ POWHEGV2+PYTHIA8
r+ MG5_aMC@NLO+PYTHIA8 [FxFx]

- POWHEGV2+HERWIG
0000 (tt only) 345 < m(tt) <400 GeV
0.0<3<0.9
o
o
o
‘0-489f813%g ——e—t
E P
. 8
. g
-0.478738%3 ——e—+ )
result + (total)
L\ SR [/ R I S
-0.60 -0.55 -0.50 -0.45 -0.40 -0.35 -0.30
D
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https://arxiv.org/abs/2311.07288
https://arxiv.org/abs/2406.03976

Top-Antitop
e Bell’s inequality given by CHSH inequality
|E(ay,b1)—FE(ai, bo)+E(as, by)+E(a, bo)| < 2

e Ata collider

e Example: Measure qubit 1 along x and qubit 1 along z

—

@=(1,0,0) b=1(0,0,1) E(@b) = Cy.

e Bell variable is
B = |(@1-6®b,-)—(@1-0®by-G)+(d2-0Qb1 -G ) +(d2-GRbo-G) |
B=+>2 max;;(Cy; £ Cjj) (after choosing a, a,, b, b,)

28



. Han, ML, Wu 2310.17696
Top-Antitop

e Intt, Bell nonlocality more difficult measurement than entanglement

Entanglement Bell nonlocality

Concurrence

0.5
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0.0

0.0 0.5 1.0 1.5
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https://arxiv.org/abs/2310.17696

Han, ML, Wu 2310.17696

Top-Antitop

e Intt, Bell nonlocality more difficult measurement than entanglement

L CHSH violation (Reconstructed)
/s =13 TeV
5 L
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https://arxiv.org/abs/2310.17696
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Quantum Discord
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Quantum Discord
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Quantum Discord Ollivier, Zurek quant-ph/0105072

¢ Quantum Discordl)A(p) _ I(p) — JA(,O)

e |(p) and J,(p) are equivalent classically
J,(p) is measurement-dependent
e Non-zero discord states can be separable

ULKE

2 2
\ / N\
AANYMVV %) :5:3::E"M:ASEPE::N,‘)

ENTAGLTO

Entangled
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https://arxiv.org/abs/quant-ph/0105072

Quantum Discord

e Entropy(X) = amount of uncertainty about a variable X

e Shannon entropy (classical information theory)

=Y p(x)logo(p(x))

reX

e Example: X,=0

H (Xl) p— O (No uncertainty, low entropy)

° Examg/e: X2=O (50% of the ’rime), 1 (50%) (Large uncertainty, high entropy)
H(Xy) = 1

e Maximum of Entropy(X, ,..., X ) is N



Quantum Discord

e Entropy(X) = amount of uncertainty about a variable X

e Von Neumann entropy (quantum information theory)

S(p) = —tr(ploga(p))

e S =0 for pure states

e S = N for maximally-mixed states

e Example: e Example:
S(p1) =2 S(p2)
1

p1 =71y p2 = |) (Y|



Quantum Discord

e Entropy(X) = amount of uncertainty about a variable X

-l .
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Han, ML, McGinnis, Su 2412.21158
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https://arxiv.org/abs/2412.21158

Quantum Discord

e Classical Mutual Information
[(X:Y) = H(X) - HX]|Y)
I(X;Y)=H(X)+ HY) - HX,Y)

e For two bits X and Y, mutual information is how much information you learn about
one bit from observing the other bit

o Example: Alice flips two fair coins ¢, and c,
Bob flips two fair coins ¢
The results from Alice reveal nothing about Bob

o Example: Alice flips two fair coins ¢, and c,

Bob flips two fair coins ¢, and c, [ =1

The results from Alice reveal 1 bit of information about Bob

3anclc4 ]ZO
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Tomography at Colliders

e Total Mutual Information

I(p) =S(pa) +S(pB) — S(paB)

e The total information you learn about one bit from observing the other bit,
including both classical and quantum correlations

e Bounded between 0 and 2 (for two qubits)

S(,OA) Reduced density matrix of A

S(pB) Reduced density matrix of B

S(ﬂAB) Total density matrix of A and B

39



Quantum Discord

e Total Mutual Information
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https://arxiv.org/abs/2412.21158

Quantum Discord

e Classical Mutual Information

Ja(p;n) = S(pa) = S(palpp:n)
e The mutual information due to observing B along the axis n

e Measurement-dependence is a quantum effect

e Define classical mutual information as the measurement that least disturbs the state

T(p) = max J4(p; )

n

e Maximization makes classical information hard to compute and measure

e Bounded between 0 and 1 (for two qubits)

41



Han, ML, McGinnis, Su 2412.21158

Quantum Discord

e Classical Mutual Information

-1 ..
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https://arxiv.org/abs/2412.21158

Quantum Discord

e Quantum Discord

D a(p) = 1(p) — Ja(p)

e Difference between total mutual information and classical mutual information

e Can be different for qubit 1 and for qubit 2

DA — O Zero diSCOl'd states (classicalclassical, classical-quantum)

O < DA < 1 Non-zero diSCOFd states (quantum-lassical, quantum-quantum)

e Due to maximization, discord is generally difficult to compute
e Full analytic solution for subclass of states: X-states Luo 2008

e Top-antitop state is an X-state
43


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.77.042303

Han, ML, McGinnis, Su 2412.21158

Quantum Discord

e Quantum Discord
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https://arxiv.org/abs/2412.21158

Quantum Discord

e Conditional Entropy

S(palpp) = S(p) — S(pB)

e Analog of classical conditional entropy
e Number of bits need to be shared with qubit 1 to reconstruct qubit 2
e S=1 means qubit 1 means 1 bit is needed to reconstruct qubit 2

e S=0 means qubit 1 doesn’t need additional communication to reconstruct qubit 2

e S<O0 indicates bits available for future quantum communication

Horodecki, Oppenheim, Winter 2005
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https://www.nature.com/articles/nature03909

Quantum Discord

e Conditional Entropy
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https://arxiv.org/abs/2412.21158

Han, ML, McGinnis, Su 2412.21158

Quantum Discord
e Simulation of pp — tt — (b€+V) (Bf_ﬁ>
e Event selection

o At least two jets each of with pr > 25 GeV and |n| < 2.5.

e At least one b-tagged jet. If two b-jets are identified, we use these to reconstruct the
event. If there is only one b-jet identified, we use the leading non b-tagged jet as the
second candidate.

e Exactly two opposite-sign leptons with pr > 25 GeV and |n| < 2.5. We consider the ee,
pit, and ey channels. Leptons must pass an isolation requirement of I < 0.15.4

e Software

MadGraph — MadSpin — Pythia — Delphes — RooUnfold

47


https://arxiv.org/abs/2412.21158

Quantum Discord

e Signal Regions

e Boosted
3
1

)

800 GeV < M;; and 6>

1100 GeV < M;; and 6 >

3o

e Separable

400 GeV < M;; <575 GeV  and 6 > %T

e Threshold

M,z < 400 GeV,
M <500 GeV  and 6 < 37/20,
M <600 GeV  and 6 < 7/20,

Han, ML, McGinnis, Su 2412.21158

DA[pt rk]

| 20/ |

1.0
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https://arxiv.org/abs/2412.21158

Han, ML, McGinnis, Su 2412.21158

Quantum Discord
e Results (139 fb'') — Decay Method

Threshold Region Separable Region Boosted Region
(€rec) D a(ps) (€rec) Da(pg) (€rec) D a(ps)
Parton 0.200 £ 0.003 0.255 £ 0.008 0.197 £ 0.003

Reconstructed | 0.10 0.23 £0.04 0.28 0.18 = 0.05 0.08 0.20 = 0.05

5.70 3.60 4.20

e With the kinematic method all results are > 50

49


https://arxiv.org/abs/2412.21158

Quantum Discord
Results (139 fb)
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Han, ML, McGinnis, Su 2412.21158
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Quantum Discord

Entanglement, Quantum Discord, Bell nonlocality are measurable in t

What about other correlations? What about other final states?
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QIT and HEP

. Quantum Information meets High-Energy Physics: Input to
. the update of the European Strategy for Particle Physics

3 Contact Persons: Yoav Afik *!, Federica Fabbri 23, Matthew Low **, Luca Marzola $°9,

s Juan Antonio Aguilar-Saavedra’, Mohammad Mahdi Altakach®, Rafael Aoude?, Nedaa Alexandra Asbah'®,

s Alan J. Barr'!, Alexander Bernal”, Pawet Caban'?, Kun Cheng*, Regina Demina'3, Antonio Di Domenico!413,
s Marco Fabbrichesi'®, Emidio Gabrielli®17-18 Dorival Goncalves!®, Michele Grossil?, Tao Han*, James Howarth??,
7 Andreas W. Jung?!, Eleanor Jones??, Andrea Helen Knue?3, Steffen Korn?4, Theodota Lagouri®®,

8 Priyanka Lamba®®, Giulia Negro®!, Gabriel T. Landi'3, lan Low?”-?8, Fabio Maltoni?>32°, Josh McFayden3°,

s Navin McGinnis3!, Juan Ramén Mufioz de Nova32, Davide Pagani3, Giovanni Pelliccioli33, Michele Pinamonti3*35,
o Laura Pintucci®*3®, Baptiste Ravina!®, Kazuki Sakurai®®, Maximiliano Sioli>3, Shufang Su3!, Sven E. Vahsen3°,
1 Alessandro Vicini®”-38, Eleni Vryonidou®?, Marcel Vos*®, Andrew J. Wildridge?!, Chris D. White?!,

12 Martin J. White*?, Tong Arthur Wu*, and Yulei Zhang*?

-
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QIT and HEP

PITT PACC Workshop: Exploring Quantum Mechanics in High Energy

Physics

Mar 7-9, 2024

US/Eastern timezone

Overview
Timetable
Contribution List

My Conference
My Contributions
Registration

Dartirinant |ick

Quantum mechanics is one of the foundations of modern physics. Recently, theoretical developments
have repurposed high-energy experiments as laboratories for testing quantum mechanics at
unprecedented energy scales. This workshop will bring together experts on exploring quantum
mechanics in the high-energy regime. The goal is to better understand the formulation of quantum
experiments at high-energy colliders, to propose measurements of quantum mechanics in new particle
physics systems, and to widen the scope of quantum mechanical observables that can be studied in
high-energy experiments.
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QIT and HEP

Entanglement and Bell Nonlocality in 11 at the BEPC
o Tao Han, Matthew Low, Youle Su (2501.04801)
The trace distance between density matrices, a nifty tool in new-physics searches
o Marco Fabbrichesi, Matthew Low, Luca Marzola (2501.03311)
Measuring Quantum Discord at the LHC
o Tao Han, Matthew Low, Navin McGinnis, Shufang Su (2412.21158)
Quantum Tomography at Colliders: With or Without Decays
o Kun Cheng, Tao Han, Matthew Low (2410.08303)
Optimizing Entanglement and Bell Inequality Violation in Top Anti-Top Events
o Kun Cheng, Tao Han, Matthew Low (2407.01672)
Optimizing Fictitious States for Bell Inequality Violation in Bipartite Qubit Systems
o Kun Cheng, Tao Han, Matthew Low (2311.09166)
Quantum Entanglement and Bell Inequality Violation in Semi-Leptonic Top Decays
o Tao Han, Matthew Low, Tong Arthur Wu (2310.17696)
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https://arxiv.org/abs/2311.09166
https://arxiv.org/abs/2310.17696

QIT and HEP

e Particle spins is one set of quantum systems

e Choosing spin axes leads to tomography of the density matrix

e Particle flavor is another possibility
e Particle decay reveals flavor

e \Varying decay times leads to tomography of the density matrix

e Oscillations of BYBY at Belle is an excellent system

e Bell nonlocality Go (Belle) quant-ph/0310192

e Decoherence models Hawaii (Belle)

e Quantum :romography Cheng, Han, ML, Wu - in preparation
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Backup: Fictitious States Afk, de Nova 2203.05582

. ) Kun Cheng, Tao Han, ML 2311.09166
e To estimate one of these entries, we average over many events

. . . Kun Cheng, Tao Han, ML 2407.01672
o If each event is using the same basis: J

= Ckk

o If each event is using a different basis

= (0) =y >0,

N
a=1

e The averaged spin correlation is still a form of spin correlation
e In most cases, effectively we are using a different basis for each event
o We measure averaged spin correlations
o The measured spin correlation matrices are not related by rotations any longer
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Backup: Fictitious States

o Let C’(‘? be the underlying spin correlation matrix in basis A and event a, the measured
spin correlation matrix is 1  which basis

- E A
o N C(l «— which event

a=1

e The rotation to basis B is evenfdependenf and the measured spin correlation matrix is

Z RIC4R,

e In general, no such rotation [{ exists

Parke, Shadmi hep-ph/9606419
Mahlon, Parke hep-ph/9706304
Mahlon, Parke 1001.3422

e Therefore, due to averaging, spin correlations are basis-dependent
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Backup: Fictitious States Afk, de Nova 2203.05582

. . Kun Cheng, Tao Han, ML 2311.09166
e Quanfum states do not depend on the spin basis

1
p:Z (H4+ZB?U;®H2+ZBi]I2®O'j+ZCU‘(Tl’®O'j)
i J

ij

Kun Cheng, Tao Han, ML 2407.01672

e Change of basis is a unitary rotation U
p— UlpU

e We can directly see quantities of interest are basis-independent
o Concurrence  C(p) = max(0, \; — Ao — A3 — A\g) - Eigenvalues of M

M=/ Voo

M — UMU

o Bell variable B(/)) — 94 /)\1 + Ao — Eigenvalues of T
cT'C — RTCTCR
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Backup: Fictitious States Afk, de Nova 2203.05582

Lo Kun Cheng, Tao Han, ML 2311.09166
e What are fictitious states?
. Kun Cheng, Tao Han, ML 2407.01672
o Basis-dependent state : J
o State reconstructed from averaged quantities

o Convex sum of quantum sub-states, but with coefficients due to rotations

Quantum state PQ = E Pa
a

Fictitious state Pfic = Z CaPa Co = tI‘((T-j’(L R Tja- O Q g].)
a
e Why does it matter?
o  Breaks some quantum properties
o  Preserves other quantum properties

Note: Physics is described by an underlying quantum state, we reconstruct the fictitious state
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Backup: Fictitious States Afk, de Nova 2203.05582

Co Kun Cheng, Tao Han, ML 2311.09166
e Fictitious states break: (O) = tr(pO) °

e Example: ngj = <O'gj 03¢ Uj) Cij = tI'(/)O’j_ X Uj)
Cij # tr(pcoi ® o)

Kun Cheng, Tao Han, ML 2407.01672

— The numerical value of concurrence calculated from the fictitious state
is not the concurrence of the underlying quantum state

e Fictitious states preserve:

e Zero vs. non-zero concurrence
e Violation vs. non-violation Bell inequality

Clpgc) >0 = C(pg) >0
B(psc) >2 = Blpg) > 2
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Backup: Fictitious States Afk, de Nova 2203.05582

Kun Cheng, Tao Han, ML 2311.09166

e Fictitious states preserve:
Kun Cheng, Tao Han, ML 2407.01672

e Zero vs. non-zero concurrence

e Violation vs. non-violation Bell inequality
Clpgc) >0 = C(pg) >0
B(pﬁc) >2 = B([)Q) > 2

e Neither zero discord states nor non-zero discord states are a convex set
e Non-zero fictitious state is not sufficient for the underlying quantum state to have

non-zero discord
e We explicitly check there are no zero-discord substates
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Han, ML, McGinnis, Su 2412.21158

Backup: tt State

e qq channel

pog = ap™D + (1 — a)pl) 223 I
52
a = 5 _ 52 -0.75
1 g: - - 0.50
Pt = ==(| 1) £ 1) 2,

V2

0.25

1 0.2 0.4 0.6 0.8 000
o = 5+ + = =) (== 26im
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BaCku p * ‘I"I' S'I'a'l'e Han, ML, McGinnis, Su 2412.21158

e gg channel

- X Y
pgg = arp+asp! )+a3p§ni}2+a4pfmi

54 (1 - /82)2 B 2ﬁ2(1 _ 52)2

R T e P T
<:|:) : i :I: 1.00
o8 = 2 1) £ 1)

0.75

0.50

U (N T
1 0.25
P = 5 =) [+ 2 h o4 )
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Han, ML, McGinnis, Su 2412.21158

Backup: Discord Formulas

e Mutual Information

S(palps;f) = p+aS(p+a) + P-aS(p-n)-
Ja(pap) = S(pa) — min (p+aS(p1a) +P-aS(p-p)) -

pin = tr(Hippapllis),

1
PLi = tre(Iltapapllis),
P+n
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Backup: Discord Formulas

e Discord c. 0 0
ci=| 0 cLo
0 0 C,
1 1+C, 1 1+2C, — C,
Dalpu) = 1+ 51+ C.)logy (555 4 J+20, - Gy tog, (2025
1 1-2C, -C,
+ Z(l - 2CJ_ - Cz) 10g2 ( : )

1 1+ Cmax 1 1— Cmax
— 5(1 + Crax) log, (T) - 5(1 — Crnax) logy (T) )

Cmax — ma'x{|C_L|’ |CZ|}
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